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ABSTRACT 

The author has been studying the BEM since 1979, and it is committed to making it an important supplement to the FEM. 

The author experienced first-hand progress in the depth and breadth of the BEM. Especially, the fast multipole BEM and 

other fast BEM has made great progress in this century. However, from the point of view of engineering applications, the 

BEM has been more and more marginalized. One of the key points is that the accuracy verification of BEM always 

depends on comparing the result with the analytical solution of the simple problem or the FE solution of the same problem. 

In such case, the engineering community thinks that it is more convenient to apply the widely used FEM rather than BEM. 

Even for the researchers of the BEM, when the results obtained are inconsistent with the results of the FEM, they also 

lack confidence in their own results. 

In view of the above problem, the author started from the basic idea of error analysis for numerical simulation of practical 

engineering problems, abandon the dependence of accuracy verification on FEM. Based on Rizzo type boundary integral 

equation, we proposed a new High-Accuracy BEM (HABEM) for the elastic statics problem. In the HABEM, the accuracy 

verification is reduced to the effective control of the calculation error (mainly the integration error) and the discretization 

error. Taking the bending problem of real cantilever thin-plate beam of generalized plane stress problem as benchmark 

problem, we have shown the advantages of the BEM in reducing dimension and high precision, and then we have taken 

the 3D analysis of the same problem as benchmark problem, established a HABEM for 3D analysis. In addition to the 

elasticity problems, we also tried to extend to other problems such as the acoustic problems. 

On this basis, we further introduced the fast algorithm, and controlled the additional errors of the fast algorithm and the 

iterative solver of linear algebraic equations to develop the High-Performance BEM (HPBEM). One of the benchmark 

problem is the real cantilever square plate, which is formed by the widening of the real cantilever beam along the width 

direction. The first fast algorithm introduced is the ACA algorithm. For some simple problems, we can see that introducing 

ACA and iterative solver GMRES has greatly improved the computational efficiency and expanded the solution scale. 

However, the iterative solution is difficult to converge for the thin real cantilever square plate and slender real cantilever 

beam, which become a key problem in the development of HPBEM. To solve this problem, it is found that, for the slender 

beam and thin plate without local stress concentration, the discretization error can be controlled satisfactorily by dividing 

a few elements, provided enough high-order elements are used. However, if lower-order elements are used, many more 

elements should be divided. Therefore, in the HPBEM for the local stress analysis of real plate and shell structures, only 

in the region of local stress concentration, fine mesh should be constructed, coarse but high order elements should be 
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divided in the most region of thin structures. In this way, the convergence of the iterative solution can be improved 

significantly. 

In order to make BEM an indispensable supplement to the FEM, it is necessary to give full play to the advantages of the 

BEM. Neither the preprocessing (mesh generation) nor the post-processing (results show) can copy the FEM blindly. 

Moreover, we cannot rely on the FEM in the accuracy verification, but should focus on the aspects that the FEM has not 

solved satisfactorily. The local stress analysis of real beam, plate and shell is only one of the breakthrough points. 

Key words: High-Accuracy BEM, High-Performance BEM, Real beam plate and shell structure, 

Local stress analysis 

References 
[1] Z. H. Yao, H. T. Wang. Some benchmark problems and basic ideas on the accuracy of boundary element analysis. Engineering

Analysis with Boundary Elements, 37: 1674-1692, 2013.

[2] Z. H. Yao. A new type of high-accuracy BEM and local stress analysis of real beam, plate and shell structures. Engineering
Analysis with Boundary Elements, 65: 1-17, 2016.

2



ICOME2019, Dalian, China, September 27-30, 2019 
The 6th Asia-Pacific International Conference on Computational Methods in Engineering (ICOME2019) 
The 12th Chinese National Conference on Computational Methods in Engineering 
And 2nd Conference on Boundary Element and Dimension Reduction Methods 

Determining Eigenvalues for Periodic and Open Domain 

Problems with BEM 
Kazuki Niino 1, Ryota Misawa2, and Naoshi Nishimura1* 

1 Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan 

2 Graduate School of Engineering, Kyoto University, Kyoto 615-8530, Japan 

* Corresponding author, E-mail: nchml@i.kyoto-u.ac.jp

ABSTRACT 

We discuss methods of computing eigenvalues in periodic or open domain problems for the Helmholtz and Maxwell 

equations with the help of fast multipole boundary element methods and the Sakurai-Sugiura projection method (SSM) 

[1].  Periodic structures are often characterised by their anomalous responses to incident waves. Typical examples are 

found in the so called resonance anomalies which are related to eigenvalues of certain boundary value problems [2]. 

Mathematically similar eigenvalues appear in waveguide problems as well [3]. Eigenvalues in these problems are 

usually complex valued and are related to open domains. Solving such eigenvalue problems with standard domain type 

methods such as FEM or FDM is not straightforward since the corresponding eigenfunctions may blow up in the far 

field. This motivated us to develop a solver of eigenvalue problems based on fast boundary element methods and 

contour integral based eigenvalue solvers such as SSM. This talk presents some tools for computing eigenvalues with 

BEMs such as the analytic continuation of lattice sums to complex frequencies and a technique to distinguish true and 

fictitious eigenvalues [4]. We also show numerical examples to demonstrate the applicability of the proposed methods. 

Key words: Eigenvalue Problems, Periodic Problems, Sakurai-Sugiura Projection Method 
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ABSTRACT 

It is well known that BEM/BIEM is an acceptable approach for solving engineering problems. It is a paradise in several 

aspects, dimension reduction of mesh, infinite domain, stress concentration and crack problems. The role why dual BEM 

is necessary will be demonstrated. However, it also results in paradox and parasites in some cases. Rank-deficient matrix 

appears due to the degenerate scale, degenerate boundary, spurious eigenvalue and fictitious frequency once the 

BIEM/BEM is used for solving boundary value problems. Focus on infinite domain with two circular holes and cracks 

will be emphasized. Based on the well-posed dual formulation of the BEM/BIEM, full rank promotion can be achieved.. 

Besides, the TwSIAM will be introduced. The history of Taiwan BEM activities will be addressed. Finally, recent works 

of NTOU/MSV group on the BEM applications to Steklov eigenproblems as well as the quaternion and the Clifford BEM 

will be presented. 

Key words: rank deficiency, degenerate scale, Steklov eigenproblem, BEM/BIEM 
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Singular and Nonsingular Method of Fundamental Solutions and Connection 
with Boundary Element Method 

Alexander Cheng, University of Mississippi 
Yongxing Hong, Hohai University 

Abstract 

There have been many attempts to improve the accuracy of MFS by optimizing the placement 
of fundamental solutions on a fictitious contour outside the solution domain. There are also 
efforts to de-singularize the fundamental solution such that it can be directly placed on the 
solution boundary, thus eliminating the need of a fictitious boundary. 

This talk examines the conjecture of Bogolmolny (1985) that: “the dependence of accuracy of … 
by FSM (MFS) on the distance … from the boundary: R should be chosen as large as the limits of 
a computer arithmetic allow.” That is, the best accuracy can be achieved by using a circle (2D) 
and a sphere (3D) enclosing the solution domain, and allowing the radius R to be as large as 
possible, until the inverse of matrix condition number reaches the limit of computer precision. 
The theoretical optimal accuracy actually lies beyond that limit, if the computer precision can 
be increased to beyond double precision. Such behavior is similar to the radial basis functions 
(RBFs) such as multiquadric and Gaussian. As the RBF becomes flatter by adjusting the shape 
parameter, the condition number becomes larger, and the accuracy increases exponentially, 
until the breakdown of computer arithmetic. This is not surprising, as fundamental solution is 
an RBF. 

In the other direction, if the placement of fundamental solutions on the boundary is desired, 
such as solving exterior domain and multiply connected region problems, the de-singularized 
fundamental solutions of various forms can achieve it. The de-singularized form should be a line 
segment (2D) or a disc (3D), and not an area (2D) or volume (3D), such that it does not invade 
the solution domain when placed on the boundary. The segment on the boundary is not 
committed to cover the boundary. It can leave portions of the boundary open, or it can overlap 
each other. When it exactly covers the boundary, it is the single layer indirect boundary 
element method using constant element.  
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ABSTRACT 

Defect identification problems are sometimes formulated as minimizing a cost functional of boundary stress measuring 

data. In the detection process, the functional is minimized by changing the assumed shapes of the defects, the problem 

can be treated also by means of topology optimization [1]-[3]. In the iterative process of obtaining optimum topology, 

so-called topological derivatives of the objective functional at discrete internal points in the material. The topological 

derivative [4] is related to the displacement and strain components and those of the appropriately defined adjoint 

problem at these points. In order that the boundary value problem of the adjoint system is derived, the boundary 

objective functional must be defined in terms of the boundary integral of either, or both of the displacement or/and the 

traction. In this paper, a boundary functional defined in terms of the tangential derivative of the displacement is used 

and the topological derivative is derived. The adjoint problem is also derived as a new boundary value problem. Some 

numerical results are demonstrated to verify the developed formulation. 

Key words: Topology optimization, Elastodynamics, Adjoint problem, Boundary element method 
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ABSTRACT 

The collocation boundary element method (BEM) is reviewed exactly as it should be proposed on the basis of a weighted 

residuals statement that leads to Somigliana's identity, with two conceptual corrections for a generally curved boundary, 

as for elasticity problems: (a) rigid body displacements must be adequately taken into account in the fundamental solution 

[1] and (b) the interpolation function for traction forces must be redefined [2]. Moreover, it is shown that only Gauss-

Legendre quadrature turns out to be required if the numerical integration issues are mathematically adequately stated

[3][4]. A simple, unified code is proposed – as presently shown for 2D problems – to arrive at high computational accuracy

of the constituent matrices as well as of results at internal points independently of how convoluted a problem's topology

may be. The immediate outcome is that regularization methods, special quadrature schemes and so many artifices that

conceptually deviate from the originally stated BEM are actually unnecessary (they are in most cases just misleading).

Several very challenging cases of potential and elasticity problems are presented in order to illustrate the numerical

accuracy one may effortless achieve with the use of arbitrarily high order boundary elements.

Keywords: Collocation boundary element method, convergence theorem, high precision 

computation 
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eningeering 
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Abstract 

 The Finite Block Method is summarised in this presentation and its applications 

are demonstrated in engineering both for static and dynamic nonlinear problems 

including fracture mechanics, contact mechanics and cutting/grinding processes. With 

utilization of Lagrange series, the first order partial differential matrix is derived  

with mapping technique. Formulations with governing equation either in strong or 

weak form are derived. The higher order derivative matrix is constructed subsequently. 

Numerical examples are presented to demonstrate its degree of accuracy and 

convergence.  
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ABSTRACT 

Quasicrystals are a relatively new type of solids with the lack of translational symmetry. According to the periodicity 

characteristics, they can be classified to one-dimensional (i.e. aperiodic in one direction only), two-dimensional (aperiodic 

in two directions) and three-dimensional (aperiodic in all three directions) quasicrystals. In this report, we briefly review 

the state-of-the-art of the study of quasicrystals in terms of Green’s functions. Quasicrystals can exhibit multiple coupling 

effects other than the intrinsic coupling between the phonon and phason fields. Green’s functions for quasicrystals with 

thermal and piezoelectric effects have been developed. A new exact three-dimensional (3D) Green’s function is then 

proposed for the three-dimensional quasicrystals with multiple coupling effects. To this end, a general solution that is 

expressed in terms of quasi harmonic functions only is derived. The explicit expressions for these quasi harmonic 

functions are then given via the trial-and-error method, with the unknown constants readily determined from the 

equilibrium conditions at the level of external point loads as well as the continuity conditions at the interface for a two-

phase infinite quasicrystal space.  

 

Key words: Quasicrystal, Green’s functions, General solution, Multiple coupling effects 
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ABSTRACT 

The linear elastic theory is not able to describe the stress fields near the V-notch/crack tip when plastic deformations 

occur due to strong stress concentration. In this paper, the extended boundary element method (XBEM) is 

established to determine the whole elastic-plastic stress field of the V-notched structures and the plastic 

zone near notch tip. Firstly, the V-notched/cracked structure is divided into two parts, which consist of a small region 

around the notch tip and the outer region without the tip region. The small region is considered to be a plastic zone, 

while the outer region is an elastic zone. Based on the results of the eigen-analysis for the singular plastic stress fields in 

the notch tip region, the XBEM is used to evaluate the whole displacement and stress fields of the notched structures. 

Thirdly, by comparing the computed stresses on the boundary of the plastic zone with the yield stress of the material, 

the assumed plastic zone around the notch tip is scaled to form a new V-notched/cracked structure by the iteration 

scheme. In this process, XBEM is used to analyze the newly formed V-notched/cracked structure repeatedly. Finally, 

the truly plastic zone and the elastic-plastic displacement and stress fields of V-notched/cracked structure are obtained. 

Two benchmark examples are presented to show that XBEM can obtain the accurate plastic zones and the whole stress 

fields of the V-notched/cracked structures. 

 

Key words: V-notch/crack, stress field, elastic-plastic, extended boundary element method  
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ABSTRACT 
Domain integration accompanies the popular weak form-based Galerkin meshfree methods. However, unlike the 

conventional polynomial type of finite element shape functions, the meshfree shape functions such as MLS/RK meshfree 

shape functions have a rational nature and their influence or support domains are usually overlapped each other. Thus the 

normal low order Gauss quadrature rules designed for the polynomial shape functions are not well suitable for Galerkin 

meshfree methods and time-consuming higher order Gauss integration rules are often required to maintain the solution 

accuracy and convergence behavior. Therefore, the development of efficient domain integration algorithms has been a 

very important topic for Galerkin meshfree methods and various methods have been proposed to resolve this issue. In this 

work, a reproducing kernel gradient smoothing framework with explicit quadrature rules is introduced for efficient 

Galerkin meshfree formulation, where the meshfree smoothed gradients are formulated via a reproducing kernel 

representation of the standard gradients of field variables. It is noted that this reproducing kernel construction of smoothed 

gradients of meshfree shape functions enables an identical satisfaction of the integration constraint derived from Galerkin 

meshfree formulation. Consequently, without violation of the integration constraint, the conventional normal low order 

Gauss quadrature rules in finite element analysis now can be used to properly integrate the meshfree stiffness matrix 

simply through replacing the standard meshfree gradients with the reproducing kernel smoothed gradients at Gauss points. 

Meanwhile, explicit quadrature rules referring to 2D triangular and 3D tetrahedral integration cells are systematically 

developed to efficiently compute the reproducing kernel smoothed gradients. Superior convergence, accuracy as well as 

efficiency performances of the proposed framework are systematically demonstrated by numerical examples.  

 
Keywords: Meshfree method, Numerical integration, Reproducing kernel gradient smoothing, 

Explicit quadrature, Consistency, Efficiency 

 

Acknowledgements: The support of this work by the National Natural Science Foundation of China (11772280) and the 

Fundamental Research Funds for the Central Universities of China (20720190120) is gratefully acknowledged. 

 

11



ICOME2019, Dalian, China, September 27-30, 2019 
The 6th Asia-Pacific International Conference on Computational Methods in Engineering (ICOME2019) 
The 12th Chinese National Conference on Computational Methods in Engineering 
And 2nd Conference on Boundary Element and Dimension Reduction Methods 

 

On the BIE/BEM for Acoustic Wave Problems 
Yijun Liu 1* 

 

1 Department of Mechanics and Aerospace Engineering,  

Southern University of Science and Technology, Shenzhen, Chin 

 

* Corresponding author, E-mail: liuyj3@sustech.edu.cn  

 

 

 

ABSTRACT 

The progress of the boundary element method (BEM) for solving acoustic wave problems is reviewed in this talk. During 

the last few decades, research on the acoustic BEM has overcome many of the difficulties, and it is now an accurate and 

efficient numerical method in modeling many large-scale acoustic problems. This paper focuses on reviewing the dual 

boundary integral equation (BIE) formulation pioneered by Burton and Miller, treatment of the singular integrals involved 

in the BIEs, discretization considerations, and fast solution methods for solving the acoustic BEM equations. New 

directions in the research on the acoustic BEM are also discussed, with a few examples to show the potentials of the BEM 

in modeling aeroacoustics, acoustic metamaterials, bioacoustics, and sound rendering in computer animations. 

 

Key words: Boundary integral equation, Boundary element method, Acoustic wave problem 
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ABSTRACT 

One of the fundamental challenges of structural optimization in mechanical engineering lies within the high consumption 

of computational power associated with repeating finite element analysis (FEA) simulations, which often renders 

optimization ineffective. Moreover, due to the inherent mesh dependence of FEA, the numerical solution within minute 

geometry features relies heavily on the mesh quality, of which the consistency is hard to guarantee, as the structure is 

altered during optimization. In this study we developed a surrogate modelling algorithm to replace FEA. The surrogate 

model is based on a multilayer perceptron (MLP) artificial neural network (ANN) architecture, trained with deep learning 

techniques and optimized through a genetic algorithm (GA) program to improve its accuracy and efficiency in predicting 

the elastic band gap of elastic metamaterials (EMMs) whose shapes are encoded by parameters. We introduced a series 

of ANN models with dissimilar MLP architectures, activation functions and training methods. Trained with pre-populated 

FEA data and optimized with a GA program, the model shows great accuracy in both in-range and out-of-range validations. 

A further case study demonstrates the advantage of the ANN surrogate model over traditional FEA in the context of 

Nelder-Mead (NM) optimization. 

 

Key words: Artificial Neural Network, Metamaterial, Multiplayer Perceptron, Surrogate Modelling 
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ABSTRACT 

  Within a successful Computer Aided Engineering (CAE) driven product development, an ideal CAE tool 

should possess the following five features:   

1) Automatic meshing and analysis for complicated structures with complex geometries; 

2) Accuracy much better than existing FEM tools is achievable and able to capture local stress 

concentration at any small sized features of a structure;  

3) Arbitrary geometries and material compositions of structures can be easily handled by 

seamless interaction with CAD packages;  

4) Accelerated by the fast methods, such as the Fast Multipole Method, the Hierarchical Matrix 

and the Adaptive Cross Approximation, thus able to perform large-scale computation within due 

time;  

5) Adaptive solution procedures to guarantee the reliability of the computational results.  

  We name this kind of CAE as 5aCAE. In this talk, I will first explain why the BIE has advantages 

over FEM to achieve the goal of 5aCAE in consideration of the currently popular meshless methods 

and isogeomitric analysis, and then briefly introduce the new algorithms we have proposed for the 

implementation of 5aCAE based on BIE. These algorithms are as follows:  

1) The Boundary Face Method (BFM) [1], which combines the BIE with Computer Graphics and 

is a truly isogeometric analysis method, can perform CAE analysis on a CAD model directly and 

realize a truly seamless integration of CAD and CAE. dual interpolation boundary face method 

2) The Dual interpolation Boundary Face Method [2,3], which combines the traditional element 

interpolation and meshless approximation, unifies the conforming and nonconforming elements 

that are separately used in traditional BEM implementation, naturally and accurately 
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approximates both continuous and discontinuous fields, and is promising for solving problems 

involving discontinuity and mesh changing.  

3) The simplified binary tree meshing method, which realizes entirely automatic meshing for 

arbitrarily complex structures, not even need to fix the geometrically dirty part of their CAD 

models, therefore, completely liberates the CAE analysis from the dilemma of meshing.  

4) The Spherical Element Subdivision Method [4], by which the singular integrals and nearly 

singular integrals can be evaluated accurately and efficiently for cases of arbitrary type 

fundamental solution, arbitrary shape of element and arbitrary location of the source point, 

therefore overcomes all the difficulties associating with integration in the BIEM. 

5) An adaptive Fast Multipole Method [5] and a Geometric Mapping Cross Approximation 

(GMCA) Method. The GMCA is equivalent to ACA but without iteration and makes the low-rank 

representation of the BIE more convenient and efficient. An Out-Of-Core version of algebraic 

algorithms of H-Matrix has been implemented.  

6) A domain sequence optimization method for multi-domain problems, which can deal with 

arbitrary inter-domain connections and get best efficiency by optimizing the band of the 

assembling system matrix.  

  Finally, I will introduce the software developed using above algorithms and integrating the BFM 

into the commercial CAD software UG-NX, making the CAE entirely within the CAD environment. 

I will also show a number of examples of real complicated industrial products and engineering 

structures. 

 

Key words: CAD-CAE integration, BIE, BFM, FMM, ACA 
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ABSTRACT 

In this study, a numerical wave flume of viscous incompressible fluid is developed by the generalized finite difference 

method (GFDM). An efficient, accurate and stable numerical wave flume of viscous incompressible fluid plays an 

important role in academic researches and engineering design in marine engineering, coastal engineering, ocean energy 

engineering, etc. The GFDM is evolved from the classical finite difference method, so the GFDM remains the simplicity, 

accuracy and consistency of the finite difference method. The GFDM is one of the most powerful meshless methods, 

since it is truly free from mesh generation and numerical quadrature. In the GFDM, the expressions of spatial 

derivatives at every node can be derived by the Taylor series expansion and the moving-least squares method. Once the 

expressions of spatial derivatives at every node are acquired, a sparse system of linear algebraic equations can be 

yielded by simple collocation approach. The numerical solution of the GFDM can be obtained by efficiently solving the 

resultant sparse system. In addition to the GFDM, the projection method, the second-order Runge-Kutta method, the 

sponge layer, the wavemaker theory and the arbitrary-Lagrangian Eulerian method are combined to form the meshless 

numerical wave flume. Several numerical examples will be provided to demonstrate the merits of the proposed 

meshless numerical wave flume. Besides, some possible applications of the numerical wave flume will be discussed in 

this study. 

 
Key words: Numerical wave flume, Generalized finite difference method, meshless method, 
collocation method 
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ABSTRACT 

This paper presents a direct approach for singular integrals in time-domain boundary element of elastodynamics. Unlike 

boundary element method for elastostatics, there are two types of inherent singularities in the time-domain boundary 

element formulations for elastodynamics, namely, the wave front singularity and the spatial singularity. In this paper, 

the wave front singularity can be treated by carrying out the time integration analytically, in the sense of Cauchy 

principal value and Hadamard finite part integral, and employing nature of Heaviside function. After treating with the 

time integration, spatial integrals with singularity are obtained. It should be noted that the integrands of the spatial 

integrals are piecewise functions considering the time and distance. To cope with the singularity caused by spatial 

integrals, a minimum zone method are introduced. In the minimum zone, the integrands of singular integrals are 

uniformly continuous, thus singularity separation method can be applied. While in the other zones, regular integrals are 

employed. Using our method, the spatial singular integrals can be calculated directly. Numerical examples using various 

kinds of elements are presented to verify the proposed method. 

 

 

Key words: time-domain boundary element method, elastodynamics, singular integrals 
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ABSTRACT 

The governing equation of Lamb wave propagation and defect interaction is the wave equation in elastodynamics. The 

boundary element method (BEM) is suitable choice to solve scattering problems in infinite domain. Based on the 

Contour integral theorem, analytical expressions of singular integral were obtained in in finite part sense for 2D 

elastodynamics BEM with constant elements. Numerical examples on the reflection and transmission problems of Lamb 

waves demonstrate the validity of this method. In addition, quantitative method of defect depth, based on a set of basis 

functions, was given by the reflection and transmission coefficients for a fix defects width. Quantitative method of 

defect width was given for a fix defects depth. The presented method has the advantages of fixed order and high 

accuracy. Numerical examples demonstrate the validity of this method.  

 

 

Key words: boundary element method, singular integral, Contour integral, quantitative method of 

defect, Lamb waves 
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ABSTRACT 

In this paper, J-integral is evaluated in crack analysis by using dual boundary element method (Dual BEM). Mixed 

mode J-integral decomposition method and Interaction Integral Method is utilized to extract the individual stress 

intensity factors for crack under mixed-mode loading. Several numerical examples are given to validate the 

effectiveness of the proposed method, 

 

Key words: Dual BEM, Crack problem, J-integral, Stress Intensity Factor 
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ABSTRACT 

A boundary element formulation based on the radial integral method is proposed for general coupled 

thermoelasticity problems with relaxation times in a two-dimensional finite domain. The dynamic thermoelastic 

model of Green and Lindsay is selected for the present study. We use the fundamental solutions of elastostatics 

and steady-state conduction as fundamental solutions to solve the coupled dynamic thermoelasticity problems, 

whereas domain integrals are involved in the resulting integral equations. The radial integral method (RIM) is 

used to transform the domain integrals into boundary integrals. In the dynamic thermoelasticity coupling problems, 

the equation of motion and the energy equation both involve the second derivative with respect to time, then the 

implicit Newmark algorithm is used to solve the system of differential algebraic equations. This work considers 

the Green and Lindsay theory of thermoelasticity with the thermal and mechanical loading in a finite domain. The 

creation and propagation of elastic and thermoelastic waves in a finite domain and their effects on each other are 

investigated. Different relaxation times are chosen to briefly illustrate the events that take place in GL theory. 

Details of the formulation and numerical implementation are also presented. 

Key words: General coupled thermoelasticity, Relaxation times, Green and Lindsay theory, Radial 

integration BEM 
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ABSTRACT 

The isogeometric analysis boundary element method (IGABEM) contains the advantages of conventional 

boundary element method and isogeometric analysis, such as reducing the dimensionality of the problem by one, and 

providing accurate geometric boundaries. In this paper, a novel fast direct solver is presented to simulate 3D 

heterogeneous material which is a kind of multiphase material, containing inclusions and cracks etc. The method 

combines the isogeometric analysis boundary element method and the hierarchical off-diagonal low-rank (HODLR) 

matrix based on non-uniform rational B-splines (NURBS). Hence, the Sherman-Morrison-Woodbury formula can be 

used to solve the inverse of the low-rank matrix. In order to solve the large scale problems, a stable accelerated 

algorithm is proposed to approximate the off-diagonal submatrices by low-rank matrices. In numerical implementation, 

bivariate NURBS basis functions are used to describe the geometry. Meanwhile, the same NURBS basis functions are 

also used to approximate the unknown boundary quantities. 

 

Key words: Fast direct solver, Isogeometric boundary element method, 3D heterogeneous 

materials 
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ABSTRACT 

This paper proposes a new error upper bound formula for Gaussian integration of the near-singular integral using 

Boundary Element Method (BEM). First, this study found through numerical tests that the maximum relative error of the 

Gaussian integration has a downward concave shape but an approximately linear relationship with the relative distance, 

which is defined as the ratio of the distance from the source point to the element over the element length in the semi-

logarithmic plot. Thus, the error upper bound can be defined as a line that closely approaches the computed error data 

points from the upper side. This line can be obtained by connecting two specified data points that are chosen located 

outside of, but very close to, the considered error range. Further research indicates shows that one parameter of the fitted 

line has a linear relationship with the number of Gaussian integration points and singularity orders and the other parameter 

can be treated as a constant, which together make the proposed Gaussian quadrature error upper bound formula  widely 

applicable. Compared with the Lachat and Watson criterion, the proposed formula requires less integration points when 

the source point is very close to the element and thus serves to improve computational efficiency. The proposed formula 

also avoids calculation failure that can occur using Davies and Bu criterion. The numerical example results show that the 

proposed error upper bound formula can evaluate the integration accuracy well and improve computational efficiency 

when using an adaptive Gaussian integration method. 

 

Key words: upper bound of error, near singular integral, adaptive Gaussian integration, boundary 

element method (BEM) 
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ABSTRACT 

Boundary element method accelerated by the precorrected-FFT algorithm (pFFT) is developed and implemented for the 

problems of potential flow, acoustics, elastostatics and elastodynamics. The main techniques to implement the pFFT 

BEM is described in detail. Several examples are presented to show the effectiveness and efficiency of the pFFT 

accelerated boundary element method. These applications will show that this method is suitable for the simulation of 

elastoacoustic problems. 

 

Key words: pFFT, BEM, acoustics, elastodynamics. 
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ABSTRACT 

The isogeometric boundary element method (IGABEM) is a recent progress in the category of boundary element 

approaches, which is inspired by the concept of isogeometric analysis (IGA) and employs the spline functions of CAD as 

basis functions to discretize unknown physical fields. The advantage of IGABEM: (1) the geometry and the analysis can 

be interacted, (2) remeshing with shape morphing can be avoided, and (3) an optimized solution returns a CAD geometry 

directly without postprocessing steps. In the present paper, we apply the IGABEM to structural shape and topology 

optimization of three dimensional exterior acoustic problems, fully exploiting the strength of IGABEM in addressing 

infinite domain problems and integrating CAD and numerical analysis. Shape optimization using NURBS to obtain 

optimal structural design scheme, and topology optimization approach based on subdivision surfaces is proposed for the 

optimal distribution of sound absorbing material on structural surfaces. The spline interpolation was used for both 

geometric interpolation and physical interpolation, achieving high-order approximation of the structural surface and 

physical field. We employ the Burton-Miller formulation to overcome fictitious frequency problems, in which hyper-

singular integrals are evaluated explicitly. The gradient-based optimizer is adopted, where shape sensitivity analysis is 

conducted with implicit differentiation methods and topology sensitivity analysis is applied to adjoint variable methods. 

The design variables are set to be the positions of control points which directly determine the shape of structures. The 

proposed algorithm is then applied to some numerical examples to illustrate the potential for engineering optimization 

design. 
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method 
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ABSTRACT 

There are always a great number of cracks and inclusions in solid materials, which are the essential substance bases 

for human to survive and develop. Solids with cracks and inclusions can be the mechanical model for a large-class of 

structural materials, such as cements [1], concretes [2], rocks [3-4], ceramics [5], metallic materials [6], biological 

bones [7] as well as composites [8], which can be named as crack-inclusion problems in the present paper. The presence 

of crack-inclusions has significant influences on mechanical and physical properties of these solids, since the existence 

and interaction between cracks and inclusions often lead to high stress concentration and become the source of 

weakening of strength and even failure under the effect of external load. 

The existence of crack-inclusions is inevitable in common. Crack-inclusions in concretes and rocks as well as lots of 

brittle (quasi-brittle) materials may form naturally or during processing. In other words, these solids may have been 

defective before being used. The mechanical behavior of crack-inclusions under external load will directly affect the 

response and bearing capacity. Even though, the formation of crack-inclusions may also exist due to the evolution and 

growth under cyclic loading [5].  

In the case of elastic solids containing both cracks and inclusions, the crack opening displacement (COD) and the 

eigen strain boundary integral equation for cracks and inclusions are established respectively. Under certain conditions, 

the anisotropic inclusion can be treated as a general inclusion problem. If the elastic modulus of the anisotropic 

inclusion is set to be zero physically, the anisotropic inclusion will degenerate into a ‘hole’. At the same time, the 

geometric dimension of the anisotropic inclusion will be zero in the direction of its minimum size. Therefore, the crack 

can be considered as a special anisotropic inclusion with zero elastic modulus. Numerical analysis is carried out for 

some cases with a few cracks and inclusions by using a discrete form of boundary integral equations. The surface of 

crack and inclusion is discretized by Gauss collocation method and boundary point method respectively. The stress 

intensity factors of cracks are calculated and the interaction between crack and inclusion is studied. The feasibility and 

efficiency of the present computational model are verified, compared with the existing research results. 

 

Key words: Crack-inclusion problems, Eigen COD, Boundary integral equations, Stress intensity 

factor, Numerical solution 
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ABSTRACT 

In this paper, the boundary face method (BFM) is applied to solve three-dimensional frictional 

contact problems. The contact equations are written explicitly with both traction and displacement 

which are retained as unknowns in boundary integral equation (BIE). The normal and tangential 

tractions are directly coupled in the system equations when the friction is present. A 

non-conforming contact discretization approach is used to enforce the contact conditions. There is 

no need that the identical discretization is performed along the contact surfaces of both bodies. An 

efficient contact detection is adapted for locating contact points between two surfaces, which is 

implemented based on the parametric space of the contact surfaces and the quadtree structure. The 

Coulomb’s law of friction is directly used without discretization to describe the effects of friction, 

which results in an additional nonlinearity due to the fact that the sliding directions are a priori 

unknown. An incremental-iterative technique is presented to deal with the non-linearity in contact 

problems with friction, where a double iterative procedure is used in each increment to determine 

the contact zone and the correct sliding direction. The applicability of this method is illustrated by 

several numerical examples. 

 

Key words: frictional contact problems; boundary face method; non-conforming contact 

discretization; 
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ABSTRACT 

The isogeometric analysis (IGA) has been applied to the boundary element method (BEM), forming the IGA BEM. In 

this work, we introduce the IGA BEM to two dimensional acoustic shape optimization. The key treatment is the 

acoustic sensitivity analysis using the adjoint variable method (AVM). Compared with the direct differentiation method 

(DDM), the AVM is more suitable for problems with a large number of design variables. The gradient-based 

optimization solver is applied for updating the design variables during the optimization iteration process and the 

Burton-Miller method is adopted to conquer the fictitious eigen-frequency problem in solving exterior acoustic 

problems. An example of scattering by an infinite rigid cylinder is presented to demonstrate the improved accuracy of 

IGA BEM. Then we verify the efficiency of the developed sensitivity algorithms through the example and demonstrate 

their potential in solving large-scale engineering problems. Finally, an optimization example is provided to validate the 

proposed optimization procedure. Numerical tests show that the optimal results are strongly frequency dependent.. 

 

Key words: Isogeometric analysis, Boundary element method, Shape optimization 
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ABSTRACT 

The stress fields of 3D V-notched/cracked structures are difficult to evaluate because of the stress singularity in the 

V-notch/crack tip region. In this paper, the extended boundary element method (XBEM) is proposed to determine the 

singular stress fields near a V-notch/crack tip. Firstly, a small sector column around the V-notch/crack tip is dug out 

from the V-notch/crack structure. The displacement and stress components in the small sector column are expressed as 

the asymptotic series expansions with respect to the radial coordinate from the tip. The amplitude coefficients in the 

series expansions are taken as the basic unknowns. Secondly, the boundary element method is used to analyze the 3D 

V-notched/cracked structure removed the small sector column. Consequently, the complete displacement and stress 

fields of the 3D V-notched/cracked structure are solved by combining the boundary element analysis and the asymptotic 

series expansions of the stress fields, where the XBEM has the characteristics of the semi-analytic approach. The 

XBEM is suitable for the stress analysis of general 3D V-notched/cracked structures, and its solution can accurately 

describe the displacement and stress fields from the notch/crack tip to the whole region. Finally, two numerical 

examples are given to demonstrate the effectiveness and accuracy of the XBEM. 

 

Key words: 3D V-notch/crack, stress field, extended boundary element method (XBEM), 

asymptotic expansion 
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ABSTRACT 

   An adaptive and efficient volume element subdivision method using binary tree for evaluation 

of volume integrals with continuous or discontinuous kernel in BEM is presented. Owing to the 

absence of the fundamental solutions in general nonlinear problems and/or problems in 

non-homogeneous media, the fundamental solutions of simplified operators can be used with 

resulting into the so-called boundary-domain formulations. Then, the discretization of the domain 

into cells is required because of unknown field variables involved in domain integral integrands. It 

should be noted that, theoretically, the volume integrals are actually regular since the kernel is 

bounded everywhere in the domain for the source point. However, for the volume integrals with 

continuous or discontinuous kernel, the value of the integrand varies dramatically around the source 

point or at some discontinuous points of the fundamental solution. The main widely used element 

subdivision approaches are the Conventional Subdivision Method (CSM) [1], the Quad-Tree 

Subdivision Method (QTSM) [2], the Spherical Subdivision Method (SSM) [3], etc. The CSM may 

produce poor-quality patches in cases where the element is distorted or irregular in shape. Based on 

the quad-tree data structure, the QTSM may generate more pleonastic patches for integration, thus 

resulting in low efficiency of computation. The SSM proposed by Zhang [3], which has the ability 

to subdivide an element into a number of well-shaped patches through a sequence of spheres with 

decreasing radius based on the discontinuities or the gradient descent of the fundamental solution. 

Although the SSM overcomes all the difficulties associated with integration in BEM, it cannot 

guarantee successful element subdivision for some situations. Hence, a novel element subdivision 

technique named the Binary-Tree Subdivision Method (BTSM) [4] is proposed. The contributions 

of this study can be summarized in five aspects: (1) The BTSM is proposed for evaluating volume 

integrals with continuous or discontinuous kernel. (2) The BTSM is applicable to different kinds of 

volume element with arbitrary shape. (3) The BTSM is more convenient to implement by the single 
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binary-tree data structure. (4) The BTSM exhibits better accuracy and stability than the CSM. (5) 

The BTSM can guarantee the convergence of element subdivision in any situation. Numerical 

results for volume elements of arbitrary type with various relative locations of the source point 

demonstrate robustness, accuracy and efficiency of the proposed method. 

 

Key words: BEM, Binary-tree, Singular integral, Nearly singular integral, Element subdivision, 

Gaussian quadrature, Hammer-Stroud 
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ABSTRACT 

Half-space acoustic problems are usually of great importance, since sound fields caused by radiation or scattering from 

structures are seldom found in the boundless free space. In contrast with the finite element method (FEM), the boundary 

element method (BEM) has superiority in solving such problems. Although the BEM is a powerful tool for predicting 

sound fields in infinite or semi-infinite domain, the conventional method is restricted to small models at low frequencies 

because of its high solution cost. In this study, a half-space fast multipole BEM (FMBEM) is presented for 3D acoustic 

wave problems over an infinite rigid/impedance plane and applied to two kinds of problems. First, the method is used to 

estimate the acoustical properties of finite-size sound-absorbing materials. The half-space FMBEM is used to describe 

the relationship between the surface normal impedance of a finite-size material and the acoustic impedance at a field 

point. The surface normal impedance of the material is then estimated by using an iteration algorithm. Second, the half- 

space FMBEM is used to simulate the sound propagation above an infinite impedance plane. The half-space impedance 

Green’s function based on the complex images [1] is used, so that both mass-like and spring-like impedance boundary 

conditions on the infinite plane can be explicitly satisfied and the infinite plane does not have to be discretized. Image 

relations of the multipole expansion coefficients [2] are used and the half-space impedance Green’s function is modified 

for the purpose of applying such relations to avoid calculating, translating and saving the multipole/local expansion 

coefficients of the image domain. Numerical examples are used to show the accuracy and efficiency of the method, and 

the effectiveness of the method is also validated by experiments performed in a semi-anechoic chamber. 
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ABSTRACT 

A formulation of electric field integral equation (EFIE) with Calderon’s preconditioning using decomposition of the 

electric field integral operator (EFIO) and integration by parts is discussed. Many formulations of recent studies on the 

EFIE preconditioned with Calderon’s preconditioner [1] utilise the Buffa-Christiansen (BC) basis function [2], which 

requires much computational time. Another method to implement the Calderon-preconditoined EFIE uses 

decomposition of the EFIO and the integration by parts [3, 4]. In this talk, we propose a Galerkin discretisation of the 

EFIE with Calderon’s preconditioning using integration by parts. We also show that the proposed formulation avoids 

the low-frequency breakdown. 
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ABSTRACT 
The spline fictitious boundary element method (SFBEM) based on Erdogan fundamental solutions is proposed in this 
paper for multi-crack analysis of functionally graded materials (FGMs). The governing differential equations of the 
inhomogeneous FGM plane problem is first transformed to the forms of homogeneous plane problem by introducing the 
equivalent body forces with respect to the inhomogeneous property of FGM. Then, using the multi-domain coupling 
technique, the multi-crack plane problem can be transformed into a series of single-crack problems, and the Erdogan 
fundamental solutions for a single-crack homogeneous plane are adopted in the formulation of SFBEM, in which the 
stress boundary conditions on the crack surface are automatically satisfied and the singular behavior at the crack tip can 
be naturally reflected. As the equivalent body forces for the inhomogeneous behavior of FGM are dependent on the 
unknown stresses within the domain under consideration, complementary equations for the stress fields need to be 
considered in the formulation. The proposed method is validated by comparing the solutions with those obtained from 
other references and the finite element analysis for a number of numerical examples. 
 
Keywords: Functionally graded materials, multi-crack analysis, stress intensity factor, spline 
fictitious boundary element method, Erdogan fundamental solutions 
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ABSTRACT 

A high-performance boundary element method (BEM) is developed to simulate the interfacial 

debonding of composites. Multi-domain boundary element method, together with the master-slave 

technique is employed to simulate the whole process of nonlinear interface debonding of composites 

that contains both single inclusions and multiple inclusions. And the behavior of the interface between 

the inclusion and the matrix is modeled using a bilinear cohesive interface model. In the proposed 

method, the degree of freedom (DOF) of the interfacial traction changes to that of displacement of 

the free surface; thus, the number of DOFs of each node pair prior to and after decoupling is the same, 

which facilitates the simulation process better than the finite element method. In simulating the 

softening stage of the nonlinear interfacial deformation, the stress in the node pair is assumed to be 

unloaded to zero and then reloaded to a new equilibrium state, which effectively captures the variation 

of different node pairs and reflects the influence of loading history. Further, fast multipole algorithm 

is applied within the developed BEM to solve the large-scale problem whereby millions of DOFs can 

be calculated via a step-wise calculation method that provides high precision interface stress results. 

A comparison of results with the analytical solution for a single inclusion case demonstrates the high 

stress accuracy and effectiveness of the developed high performance BEM to solve large-scale 

interface problems. 

Key words: high-performance boundary element method (BEM), composites, interface debonding 

process, fast multipole expansion, large-scale problem 
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ABSTRACT 

In our previous research [1] we have pointed out that a naïve use of the fast direct solver of the Martinsson-Rokhlin type 

[2] in one-periodic transmission problems of Helmholtz’ equation in 2D with standard integral equations leads to a 

breakdown of the algorithm when the material contrast is low. We have shown that this breakdown can be avoided by 

means of the multi-traces boundary integral equations proposed in [3]. However, this method has a problem that both 

the number of unknowns and the computational time increase. In the proposed presentation, we attempt to reduce the 

number of unknowns and the computational time by using a modified fast direct solver which uses the Burton-Miller 

integral equation and a new construction of proxies. We validate the proposed approach with several numerical 

experiments. 
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ABSTRACT 

This paper proposes a singular integral equation method to analyze the two-dimensional crack in anisotropic 

piezoelectric bimaterials. Using the Green's function and Somigliana, the boundary integral equations are presented. 

Some mathematical derivations are carried out to singular integral equations with Cauchy kernel, in which the 

derivatives of the generalized displacement discontinuities are the unknown quantities. Then the exact analytical 

solution of the extended singular stresses and extended stress intensity factors near the crack tip are obtained. Singular 

integrals arising in the boundary integral equations are computed through Gauss-Chebyshev collocation method. Finally, 

numerical solutions of the extended stresses intensity factors of some examples are obtained. 
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众所周知传统边界元法的计算有精度高，只需在物体表面划分单

元，具有降维计算的优点。提高边界元法的计算规模和效率，一直是

目前国内外学者研究的重点方向。快速多级边界元法有效的改变了这

一状况，但在计算弹性问题时，因单元和节点分布在物体表面，不能

有效的发挥多级边界元法的效率。而且算法中对勒让德多项式的截断，

造成了计算精度的下降。本文介绍的个性化网格边界元法，是以传统

边界元法为基础，针对每一个点生成不同的网格，称为个性化网格。

并借鉴快速边界元法的区域划分的想法，结合弹性问题的特点，只在

物体表面进行区域划分。这些网格按照离源点的距离，相应的调整其

尺寸。即离目标节点近的用小单元，距离远采用大单元，而此大单元

是由四个下层小单元合并而成。因为减少了每个源点对应的积分单元

和节点数量，因此可提高系数矩阵形成的速度，并形成一个稀疏的系

数矩阵。采用链状存储，可降低对内存的占用。由于每个源点对应的

网格相互独立，为系数矩阵的并行计算（OpenMp）提供了有利条件。

用 GMRES 迭代求解时，稀疏矩阵可进一步减少计算量，最终获得一

个具有高效率并具有传统边界元法相当精度的数值方法。 

关键词：边界元  个性化网格  稀疏矩阵  GMRES  弹性问题 
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It is well known that the traditional BEM has high accuracy, and only 

needs to mesh on the surface of objects. However, the shortcomings of 

BEM are also obvious. In the calculation process, a full-rank system of 

equations will be generated, which will lead to inefficient solution and 

huge memory consumption. The Fast Multipole boundary element method 

(FM-BEM) can effectively change this situation, but when calculating 

elastic problems, elements and nodes are distributed on the surface of the 

object, so the efficiency of FM-BEM can‘t be effectively brought into play. 

The personalized mesh BEM introduced in this paper is to generate 

different mesh for each source point. These elements are adjusted 

according to the distance from the source point. That is to say, a small 

element is used near the target node, and a large element which is 

composed of four lower-level small elements is used far away. Because the 

number of integration units corresponding to each source point is reduced, 

the speed of coefficient matrix formation is increased, and the final 

coefficient matrix is sparse matrix. Chain storage can further reduce the 

memory occupation. When using GMRES to solve iteratively, the sparse 

matrix greatly reduces the amount of computation and effectively improves 

the efficiency of the algorithm. 

Keywords:  BEM, Personalized mesh, Sparse matrix, GMRES,  

Elasticity problem 
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ABSTRACT 

The guided Lamb waves have great potential in non-destructive inspection (NDI). For quantitatively 

reconstructing any defects in plates, it is necessary to calculate Lamb wave scattering problems accurately. Among 

various numerical approaches, the boundary element method (BEM) is especially efficient for solving wave 

scattering problems in structures with infinite boundaries. However, spurious reflections may occur by model 

truncation. This paper proposes a modified boundary element method (BEM) to solve Lamb wave scattering, 

which exploits the asymptotic properties of the far-field displacements to modify the BEM matrix of the truncated 

model, in order to account for the contribution of the omitted part of the boundary. The correction items are 

calculated using elastodynamic reciprocal relations in a convenient manner. Using this approach, we establish the 

modified BEM formation for Lamb wave scattering at surface or inter-layer cavities in 2-dimensional single- and 

multi-layered plates in frequency domain, and the convergence and validity of corresponding scattering 

coefficients have been verified by theoretical solutions. 

 

Key words: Boundary element method, Lamb wave, Scattering 
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ABSTRACT 

In this talk, a new boundary integral equation method is proposed to investigate the wave propagation problems in 

functionally graded materials (FGM). The material properties of the considered FGM are assumed to be graded along 

spatial Cartesian or Polar coordinates, can vary continuously either in a single axis respectively or in multi-axes 

simultaneously according to an exponential law distribution. Similar to the Somigliana’s identity, a new generalized 

Green’s identity corresponding to the elastodynamic equations for FGMs is established by using the Gauss theorem. 

Finally, a completely analytical conventional boundary integral equation (BIE) for elastodynamic problem of FGMs is 

obtained. This new Green’s identity can be used for two- or three-dimensional elasticity equations for FGM problems, 

and multifarious techniques can be applied to treat this analytical BIE. In this work, a pure mathematical technique 

called radial integration method is employed to transform the domain integral into boundary integral to achieve a 

meshfree scheme. The developed semi-analytical method is simple to implement and can give accurate results even in 

high frequencies. The effects of the material gradation, gradient direction, as well as incident wave frequencies on the 

wave propagation in the FGM are investigated intensively in this work and the numerical results will be presented. 
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Investigation of the effect of geometry shape and material property 

on the stress intensity of an interfacial crack from bi-material 

V-notch by the boundary element method 
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Abstract: The stress intensity factor (SIF) is an important parameter to characterize the stress 

intensity near a crack tip. In order to successfully evaluate the SIFs for the interfacial crack 

emanating from a bi-material notch, a method coupling the boundary element method with 

singularity asymptotic expansion technique is proposed. Then, the crack initiating from a sharp 

V-notch tip and the one emanating from a semicircle notch root are respectively taken into 

consideration, to investigate the influence of notch geometry shape and material property on the 

stress intensity for the interfacial crack from a bi-material notch. It is found that the notch opening 

angle has great influence on the SIFs of an interfacial short crack, while it has little influence on 

the SIFs of an interfacial long crack propagating from a bi-material V-notch. The value of IK  for 

the interfacial crack initiating from a V-notch tip increases with the notch depth, while IIK  

decreases with it. The value of IK  and absolute value of IIK  for the interfacial crack initiating 

from a V-notch tip increase with the elasticity modulus ratio. The elasticity modulus ratio has little 

influence on IK , while it has important influence on IIK  for the interfacial crack emanating 

from a semicircle notch root. The value of IK  and absolute value of IIK  for the interfacial 

crack initiating from a semicircle notch root increase with the notch radius. 

Keywords: V-notch, interfacial crack, stress intensity factor, boundary element method 
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ABSTRACT 

The subdivision surface overcomes the difficulty of the gap in the surface slice splicing of NURBS, and can express the 

geometric with arbitrary free-form topology, so as to construct the smooth and continuous overall surfaces. This method 

has the following advantages: 1). It is suitable for any topological structure; 2). The numerical calculation is stable; 3). It 

is simple to implement; 4). Local refinement and continuity control. In the acoustic field, the higher the frequency, the 

shorter the wavelength and the larger the number of meshes required. Combining the subdivision surface with the 

boundary element method, the high-order box-splines interpolation is superior to the traditional Lagrangian interpolation 

in the calculation accuracy. In the present paper, a topology optimization approach is proposed for find optimal distribution 

of sound absorbing material for a given subdivision structural mesh. The densities of the sound absorbing material are 

used as the design variables. A minimum volume of the sound absorbing material is used as the optimizing constraint. 

The optimization problem is solved by using the method of moving asymptotes algorithm. 

Subdivision surfaces begin with a coarse polygon mesh and applies a certain subdivision algorithm to recursively refine 

this polygon mesh until refined meshes eventually converge to a smooth limit surface[1]. Cirak[2] implemented Loop 

subdivision surfaces for Krichhoff-Love shell analysis in 2000. A topology optimization approach based on the boundary 

element method is proposed for the optimal design of sound absorbing material distribution[3]. 
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ABSTRACT 

In this paper, we present a fast adaptive binary-tree mesh generation method which can be used in 

the dual interpolation boundary face method (DiBFM). Binary tree is a hierarchical data structure 

that is computationally attractive for adaptive numerical simulation. The binary tree method splits 

the entire domain into two congruent rectangles, and continues splitting rectangle recursively until 

meeting the requirements of the curvature of surface and curve. This method has two most 

attractive merits. One is the ability to generate discontinuous meshes, which allows the presence of 

so-called hanging points, and thus alleviates the task of mesh generation essentially. In the case of 

discontinuous meshes, the DiBFM can also naturally and accurately approximate both continuous 

and discontinuous fields. The other is the ability to accommodate local mesh refinement adaptively, 

considering geometrical factors and user-specified parameters. Depending on this virtue, this 

method breaks away from the time-consuming sizing field, depending on the background mesh. It is 

verified that the meshes generated by the binary tree method are of good quality, and most of them 

are rectangular cells. The process of meshing will be described in detail, and the final examples of 

the meshing will be also viewed in this paper. 
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Abstract: It is known that the heat flux becomes infinite near the notch tip due to 

material or geometric discontinuities. Numerical methods such as boundary element 

method and finite element method can not adequately analyze the accurate singular heat 

flux field since they traditionally employ piecewise polynomials.  In this paper, the 

singularity analysis method coupled with the boundary element technique is proposed 

for the accurate analysis of two-dimensional singular heat flux field near the notch tip. 

The singularity analysis is executed on the near notch tip sector for searching singularity 

orders and corresponding characteristic angular functions by introducing the heat flux 

asymptotic expansions into heat conduction governing equations.  After taking the 

double logarithmic of the heat flux and the distance, the heat flux singularity orders and 

heat flux near the notch tip can be determined accurately. 

 

Key Words：Notch Tip, Heat Flux, Boundary Element Method 
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ABSTRACT 

Radial basis functions (RBFs) are constructed in terms of 1D distance variable and appear to have certain advantages 

over the traditional coordinates-based functions. In contrast to the traditional meshed-based methods, the RBF 

collocation methods are mathematically simple and truly meshless, which avoid troublesome mesh generation for 

high-dimensional problems involving irregular geometries or infinite domains. As the RBF collocation methods attract 

growing attention in the field of numerical PDEs in the recent two decades, various solutions of PDEs and their variants 

emerge to be a powerful approach in the construction of the problem-dependent kernel RBFs. This study derives the 

semi-analytical problem-dependent RBFs of the considered PDEs, and then employs the boundary-only discretization to 

provide the efficient and accurate numerical solutions of PDEs under 2D/3D irregular domains. 

 

Key words: Boundary-only discretization, Radial basis functions, Laplace transformation, 
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ABSTRACT 

For Dirichlet problems by the boundary element methods (BEM) and the boundary integral equation 

methods (BIEM), there may exist the algorithm singularity for some geometric domains, to cause a 

failure in yielding the unique solutions, called the degenerate scale problems (or simply the 

degenerate scales). To overcome the degenerate scales, the dual techniques were proposed and 

reported in many engineering papers. A review paper was given in Chen and Hong [1] in 1999, 

accompanied with 249 references. Also the dual techniques of BEM were applied to crack singularity 

in Portela, Aliabadi and Rooke [2]. The algebraic equations can be easily found, and the unique 

numerical results may be solved by the Gaussian elimination, or iteration methods. In fact, the dual 

techniques are the early removal techniques to bypass the degenerate scales. The simple solution 

methods of dual techniques are advantageous over other advanced removal techniques, such as [3,4]. 

So far, it seems to exist no strict theoretical analysis for the dual techniques. In this paper, the null 

field method (NFM) for Laplace's equation is discussed, and the circular domains with one circular 

hole are confined. The goal is to provide some theoretical analysis for dual techniques of NFM 

(DNFM), thus to fill some gap between analysis and computation. The algorithm singularity, unique 

solutions, error bounds, convergence rates, condition numbers and stability are explored in this paper, 

while an analysis on algorithm singularity of the dual BEM is reported in Chen et al. [5] by using the 

singular value decomposition (SVD). In [3,4], to deal with the degenerate scales for Dirichlet 

problems, the advanced techniques of solution methods may be solicited, such as the truncated 

singular value decomposition (TSVD) and the overdetermined systems. There may arise questions: 
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Can the degenerate scales be removed by the NFM itself? Can the simple Gaussian elimination be 

used, to reach the optimal stability? Based on the Green representation formula and its derivatives, 

the first and the second kinds of NFM are derived, respectively, and the explicit computational 

formulas of the NFM can be derived for circular and elliptic domains (see [6,7,8,9]). In classic 

algorithms, the first kind NFM are used for Dirichlet problems; the second kind NFM for Neumann 

problems. The algorithms using both together are called the “dual” boundary element method (BEM) 

in [1,2], and the dual techniques of NFM (simply denoted as the DNFM) in this paper [13]. For the 

circular domains with circular holes, the second kind of the NFM (simply as the second kind NFM) 

are developed in [10] for Neumann problems, with the explicit algebraic equations. The first kind 

NFM in [7] may also be applied to Neumann problems, and the numerical performance is as good as 

that of the second kind NFM, see [10]. Hence, the second kind NFM can also be applied for Dirichlet 

problems. When the second and the first kind NFMs are applied for the exterior and the interior 

boundaries, respectively, the algorithms of the DNFM have a little risk of the algorithm singularity 

from degenerate scales. Such algorithms are called the dual techniques (such as the DNFM) in this 

paper. Not only are the numerical solutions solved easily by the simple Gaussian elimination (or 

iteration methods), but also the optimal stability can be reached. Note that the algorithms of the 

DNFM are analogous to those for the mixed problems in [11]. The optimal convergence rates can be 

achieved by the DNFM. The DNFM can also be applied to eigenvalue problems for circular domains 

with circular holes [12]. Some numerical experiments for using the DNFM in a circular domain with 

one circular hole are given in [13]. 

 

Key words: boundary element method, boundary integral equation method, null field method, the 

first kind null field method, the second kind null field method, dual null field method, degenerate 

scales, algorithm singularity, circular domain, elliptic domain..
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ABSTRACT 

The RBF-based meshless methods are popular in recent years since they are inherent meshless and easy-to-use. In this 

paper, we propose a new CMFS method which combines the method of fundamental solutions and the analog equation 

method. It is developed to solve nonlinear convection-diffusion problems in anisotropic materials. The convergence and 

stability properties of the proposed meshless method have been investigated by using different globally supported radial 

basis functions. Numerical results show that the proposed CMFS is promising for anisotropic nonlinear 

convection-diffusion problems with accurate and stable results. 

 

Key words: Radial basis function, Meshless method, Nonlinear convection-diffusion problems 
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ABSTRACT 

In this article, we propose the spacetime collocation scheme using Trefftz functions for solving transient nonlinear 

moving boundary problems. Because the transient moving boundary problem is governed by the two-dimensional 

diffusion equation but has nonlinear boundary conditions, we first derive the general solutions of the governing 

equation as the Trefftz basis functions which satisfy the governing equation using the separation of variables. For the 

discretization of the domain, arbitrary collocation points are placed in the spacetime boundaries. The solutions of the 

governing equation is approximated by superpositioning the Trefftz basis functions by matching the boundary 

conditions at a number of spacetime boundary collocation points. For solving the nonlinear moving boundary, the 

Picard iterative method is adopted. Several analytical examples including transient free surface problems are used to 

verify the proposed method. The results demonstrate our proposed method may obtain highly accurate solutions. 

Moreover, it is found that the method is advantageous for solving inverse problems. 

 

Key words: Nonlinear Moving Boundary, Free Surface, The Spacetime Collocation Scheme, Trefftz 

Basis Functions 
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ABSTRACT 

In this paper, the multiple source meshless method for solving three–dimensional Laplace equation 

with non–harmonic boundary conditions is developed. Seven set of particular non–singular basis 

functions are adopted from the Trefftz method and the most proper one is chosen by comparing with 

the analytical solutions. Numerical solutions are approximated by a set of particular non–singular 

solutions from the cylindrical harmonics of the three–dimensional Laplace equation which are 

expressed in term of multiple sources arranged within the domain. The way releases one of the 

limitations of the method of fundamental solutions in which the fundamental solutions are not easy 

to find. Several numerical examples are conducted for validating the performance of the multiple 

source meshless method. Numerical results demonstrate that the proposed method by comparing with 

the analytical solution may yield highly accurate and stability even when non–harmonic boundary 

conditions are considered. 

Key words: Three–dimensional, Laplacian problems, Meshless method, Non–singular, Non–

harmonic boundary conditions. 
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ABSTRACT 

In this study, we introduce a modified singular boundary method with the modified fundamental solution for Helmholtz 

equation with large wavenumbers. By the help of the modified fundamental solution of the Helmholtz equation, the 

present algorithm scheme has the similar condition number to the BEM with the same boundary nodes. In addition, the 

present algorithm scheme only needs to place 2-3 boundary nodes in each wavelength per direction to obtain the 

reasonable solution. On a single laptop with Inter Core i7-4710MQ 2.50 GHz Processor with 16GB of RAM, when the 

boundary nodes number is taken to be 200000, this strategy is successfully tested in a unit cube domain with total 

wavenumbers k=440. It should be mentioned that under the similar computational conditions, the wavenumbers upper 

limit is about k=100 in the BEM.  

 

Key words: Modified singular boundary method, Helmholtz equation, High frequency, Boundary 

element method, Modified fundamental solutions of Helmholtz equation  
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ABSTRACT 

As an alternative to the traditional finite element method and boundary element method, the hybrid finite element 

method based on fundamental solution kernels has been well developed for thermal and elastic analysis in isotropic 

media and fiber-reinforced composites recently. In this study, the hybrid finite element formulation is extended to solve 

two-dimensional heat conduction in fully anisotropic materials which are discretized by n-sided polygonal elements 

(𝑛 ≫ 3) possessing multiple-node connection. The intra-element temperature field defined inside the element is 

approximated by the linear combination of the fundamental solution of problem to achieve the local satisfaction of the 

governing equations of problem, but not the specific boundary conditions and the inter-element continuity conditions. 

To overcome such drawback, the inter-element temperature field defined over the entire element boundary is 

independently approximated by means of the conventional shape function interpolation. As a result, only line integrals 

along the element boundary are involved in the computation, whose dimension is reduced by one compared to the 

domain integrals in the natural polygonal finite elements. More importantly, it is allowed to flexibly construct any 

shaped polygonal elements in a unified form using same kernels, including convex and non-convex polygonal elements. 

Finally, the accuracy, convergence and insensitivity to mesh distortion of the present n-sided polygonal elements are 

demonstrated by three examples. 

 

Key words: Hybrid n-sided polygonal element, Fundamental solution, Anisotropy, Heat conduction 
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ABSTRACT 

In this paper, the coupling algorithm based on Trefftz finite element method and GFDM is 

developed, for solving viscoelastic problems of two materials. Trefftz finite element method is 

derived from Trefftz method, which includes the use of an assistant inter-element displacement or 

traction frame to link the displacement of the internal and the frame. And GFDM is a newly 

developed meshless method, which avoids time-consuming mesh generation and numerical 

integration. In the viscoelastic problem, the paper will use three-parameter viscoelastic model to 

descript the behavior of viscoelasticity. With the backward differentiation formula, we can obtain 

the governing equation of viscoelastic problem and stress boundary conditions of viscoelastic 

problem at each time step. The cyclical solution of the governing equations satisfying the coupling 

conditions is solved at each time step, and the displacement and stress of the viscoelastic bimaterial 

under continuous external force can be obtained. The paper first simply uses the Trefftz finite 

element method and GFDM to deal with the viscoelastic problems of two materials. Besides, 

satisfying the condition that the displacement and stress are continuous and stress boundary 

conditions under viscoelastic conditions, we combine the Trefftz finite element method with GFDM 

to solve the viscoelastic problem of two materials. With the same numerical example under the 

solution of three different methods, the paper has the conclusion that the coupling algorithm will 

have both accuracy and speedy comparing with single Trefftz finite element method or GFDM. 

This paper uses a cutaway view of an underground pipe as a numerical example. The pipeline 

and the surrounding are two different viscoelastic materials and under the action of radial force in 

the pipeline, the status of two materials is changeable. The GFDM will be used in the area of 

pipeline and Trefftz finite element method will be used in surrounding material.  
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ABSTRACT 

In this paper, the spacetime collocation scheme incorporates with the Trefftz method for solving nonlinear transient 

free surface flow is presented. The proposed method is to derive the general solutions as the Trefftz basis functions for 

the transient free surface governing equation considering recharge and evaporation using the method of separation of 

variables. The numerical solutions obtained in the spacetime coordinate system is approximated by superpositioning 

Trefftz basis functions satisfying the governing equation written in the dimensionless coordinates to reduce the 

ill-conditioning of the method. Several examples are conducted including regular and irregular shapes for the proposed 

method. Comparing with analytical solutions it is found that the maximum absolute error can reach the order of 10-10. 

The results reveal that the proposed method can provide highly accurate numerical solutions for nonlinear transient free 

surface flow.   
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ABSTRACT 

This research aims to solve scattering problems of Lamb waves in a multi-layered plate including an interface crack by 

using a boundary element technique. The boundary element technique used here takes an ordinary procedure, in which 

the boundaries of a layered plate is divided into constant elements and the integral equations are discretized to solve a 

system of linear equations taking account of boundary conditions. However, the special treatment of our boundary integral 

analysis is to introduce the artificial boundary, which is located at the position far enough from the interface crack to 

neglect the near-field evanescent scattering modes. On the artificial boundary, the wave field is assumed to be expressed 

as the superposition of incident wave and possible scattering wave modes [1]. Then, the traction on the artificial boundary 

can be expressed in terms of total displacement fields of incident and unknown scattering modes, which can be determined 

by solving the boundary integral equations using an efficient indirect solver. Once unknown coefficients of scattering 

modes are determined, reflection and transmission coefficients of Lamb waves due to the interface crack are easily 

evaluated. It is found that the reflection and transmission coefficients vary depending on incident wave mode, frequency, 

and crack geometry as well as material properties of the plate. The results can be useful for the nondestructive testing of 

ultrasonic guided waves to detect and classify a defect inside materials and structures [2]. 
Key words: Lamb wave scattering, Mode decomposition, BEM, Reflection & Transmission 
Coefficient 
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ABSTRACT 

Many materials used in mechanical structures and equipment have various film coatings intended to improve their heat 

resistance, wear resistance, friction modulus, and corrosion resistance. For example, carbon-based coatings, such as 

diamond or DLC, which has high hardness, rigidity, and chemical stability, are used as a surface treatment for cutting 

tools. For glass-molding dies used to make aspherical lenses, DLC or Pt coatings are employed to improve the friction 

characteristics and the accuracy of the surface profile of the lens. Scratch testing and micro/nano indenting methods are 

generally used to evaluate the adhesion strength between coating films and substrates. However, there is not an established 

absolute evaluation technique for estimating the adhesion strength, and any test method has some difficulty in terms of a 

lack of versatility. Although the pin-pull-out test is also often used to estimate the adhesion strength of a coating film, the 

reliability of the calculated results is low because the stress concentration of the bonded part is neglected. In this work, 

we use a laser spallation method to evaluate the interfacial strength and fracture toughness of the crack between a coating 

film of CNT/Epoxy and Al-alloy substrate. In this technique, the displacement history of a specimen on which a pulse 

laser is irradiated is measured by experiments. The interface stress history of the specimen is then computed by inverse 

analysis using the supplementary displacement data by boundary element methods. The validity of our methods developed 

in the present research was confirmed by some typical numerical demonstrations. 
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Abstract： This paper investigated the radiation problem of horizontal and vertical plate type 
breakwater by boundary element method based on wave green function theorem. Generalized 
Minimum Residual (GMRES) method is applied to solve large, nonsymmetric linear system of 
equations. Comparisons between the GMRES and traditional Gaussian elimination method are given. 
The results show that the GMRES method is fast and more efficient to solve such a large complex 
linear systems. Added mass and damping of horizontal and vertical plate with different submergences 
and relative plate lengths are discussed. 
Key words: plate type breakwater, green function method, GMRES method, added mass, damping, 
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ABSTRACT 

Numerical simulation of the non-classical problems, namely problems of localization of stresses and displacements, are 

obtained by the boundary element method [1]. In a certain sense, the problem of localization of stresses in a body is the 

inverse problem to the delocalization problem [2]. The localization problem is defined as follows: to change a 

sufficiently uniform stressed-deformed state of a body for a sharply expressed non-uniform stressed-deformed state (in 

conditions of constant external perturbations) by changing and appropriate selection of parameters of the medium. This 

will enable us to destroy a military structure, for example, the underground facilities.  

The current work examines two localization problems, which have the following physical meaning: on the 

middle point of the segment lying inside a body parallel to the border half plane in first case a point force is applied, and 

we must find such value of the normal stress along the section of the border half plane, which will cause this point force 

(stresses localization), while in the second case, there is given a vertical narrow deep trench outgoing of this point, and 

we must find such value of the normal stress along the section of the border half plane, which will result in such a pit 

(displacements localization).  

Finally, there are test examples given showing the value of normal stress supposed to apply to the section of 

the half-plane boundary to obtain the pre-given localized stress or displacement at the midpoint of the segment inside 

the body. The numerical results of these problems are presented together with appropriate graphs, and mechanical and 

physical interpretations of the problems. 
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ABSTRACT 

The complex variable boundary element method(CVBEM)is a numerical approach to solve the boundary value 

problems of the two-dimensional partial differential equation(PDE). In this short paper, the coupling of the CVBEM 

and the Fourier series is used for the modeling initial-boundary value problems governed by the heat conductive 

equations.The global problem is decomposed into the steady-state component and the time-dependent-boundary 

component.The steady-state component is modeled with the CVBEM, and the time-dependent component is dealed 

with by the Fourier series.The global approximate solutions is sum of the CVBEM and the Fourier seriers 

approximations.As the numerical example, the heat transfer in the rectangular domain with the Dirichlet boundary 

conditions is studied . 

 

Key words: Complex Variable Boundary Element Method(CVBEM), partial differenial equation(PDE), Heat 

transfer,Laplace equation 
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ABSTRACT 

The fluid-solid coupling vibration of structures in ocean environment and the noise induced by them are of 

theoretical and practical significance for improving the acoustic stealth performance of submarines or for environmental 

protection. Because of its strong adaptability to the shape and size of structures, finite element method (FEM) is widely 

used in vibration problems of engineering structures. So far, combining with boundary element method (BEM), 

FEM-BEM is a common method to solve acoustic radiation problems of structures in ocean environment. Wave 

superposition method (WSM) is also a method derived from acoustic boundary integral equation. One of the advantages 

of WSM is that it can effectively avoid singular integral problems. In this study, the acoustic radiation of axisymmetric 

structures in shallow waters will be studied by FEM-WSM. While the water area is not just considered as homogeneous 

medium, sound velocity profiles is considered. Because the Green’s function of monopole source acoustic propagation 

model can be written as an analytical form in the near field, its normal partial derivative can be obtained quickly. 

Therefore, if it is substituted into the calculation of the strength of virtual sources in wave superposition method, the 

calculation can be greatly simplified. However, because of the large condition number of matrices formed by the normal 

partial derivatives of the Green's functions, the error in dynamic response results of structures will be magnified by the 

matrix calculation even under convergence, which may lead to distortion. This problem has been improved by applying 

Tikhonov regularization method. Based on several numerical examples of axisymmetric structures, the accuracy of this 

method is verified by comparing the results obtained by FEM-WSM with those obtained by COMSOL, while the high 

computational efficiency of the method proposed is demonstrated. By comparing several layout plans of virtual sources, 

the better layout rules of the virtual sources for WSM in shallow waters are explored. 

Key words: Wave superposition method, Shallow waters, Axisymmetric structures; Acoustic 

radiation 
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ABSTRACT 

Wave devices with a broad working bandwidth have been long desired in various applied scenes [1]. Robust topology 

optimisation (RTO) treating excitation frequency as the source of uncertainty is a possible choice for designing such 

devices. In this study, the objective function for RTO is defined as the linear combination of the expectancy and 

standard deviation of a deterministic objective function under the assumption that the frequency is subjected to the 

normal distribution. We evaluate the expectancy and standard deviation with the help of the Taylor series with respect to 

the frequency. With this formulation, the main difficulty lies in the evaluation on the differentiation of the deterministic 

objective function with respect to the frequency and their topological derivatives. As is well-known, if one uses the 

adjoint variable method to evaluate them, one needs to evaluate some volume integrals, which could cause large 

computational consumption. In order to resolve this issue, we derive a boundary integral formulation in which the 

Helmholtz equation is differentiated with respect to frequency. By virtue of fast direct solver for boundary element 

method, the derivative of variables with respect to frequency can be efficiently evaluated. The above techniques are 

combined with the level-set topology optimisation. To verify our boundary integral formulation and the proposed RTO, 

we have conducted a numerical example producing an acoustic scatterer minimising sound norm on the boundaries 

enclosing the design domain. Results show the robust performance of the obtained configuration against small 

perturbation in the excitation frequency. We also find that part of the deterministic performance is traded off for the 

robustness, whose weight can be adjusted with a coefficient in the linear combination depending on practical demands. 
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ABSTRACT 

In this paper, a novel shape reconstruction method based on the time-reversal technique, proposed by Fink [1], is 

presented for the purpose of quantification of the ultrasonic non-destructive testing. A forward analysis of elastic wave 

scattering by defects in an elastic solid is solved by using the convolution quadrature time-domain boundary element 

method (CQBEM) for 3-D elastodynamics [2]. The CQBEM can produce stable numerical solutions even if we use 

small time-step sizes, which are not allowed in the classical time-domain boundary element method (BEM). In the 

CQBEM, the time-domain boundary integral equations are discretized for time using the convolution quadrature 

method (CQM), first proposed by Lubich [3]. The topological sensitivity (TS) proposed by Bonnet [4] is used to detect 

a defect in a 3-D elastic solid. TS is obtained by solving the corresponding adjoint problem of the forward analysis. In 

this process, the scattered elastic waves obtained by the CQBEM are time-reversed numerically, and sent back to the 

defect to implement the defect detection. As numerical examples, some shape reconstruction results for defects in a 

homogeneous and isotropic solid are demonstrated. In addition, the reconstruction ability of the inverse scattering based 

on topology sensitivity is investigated by changing the radiation pattern of ultrasonic waves from a transmitter. 

 

Key words: Convolution quadrature time-domain BEM (CQBEM), Inverse scattering, Topology 
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ABSTRACT 

Carbon fiber reinforced polymer (CFRP) plays an important role in many fields, especially in aviation and civil 

industries. The electrical conductivity of CFRP is critical for its electrical behaviors, such as its lightning strike 

vulnerability, electromagnetic shielding ability, etc. The accurate determination of electrical conductivity of CFRPs is a 

basic prerequisite, however, the fiber directionality determines the electrical anisotropy in CFRP. A simulation model 

was built to predict the conductivity distribution with boundary element method (BEM). The anisotropy was weakened 

during the procedure in order to simplify the computations. The results show that the model could be used in some 

special situations with less higher requirements for accuracy.   
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ABSTRACT 

In this paper, the problem of SH-wave scattering by a circular hole buried in infinite functionally graded materials is 

solved by using the null-field boundary integral equation method. The patterns of the shear modulus and the density are 

the form of exponential variation. Therefore, the governing equation for the time-harmonic motion is not a typical 

Helmholtz equation. By using the change of variables, the original governing equation can be transformed into the 

Helmholtz equation. The Neumann boundary condition due to the traction free condition is transformed into the Robin 

boundary condition. Using the degenerate kernel and the Fourier series to substitute for the closed-form fundamental 

solution and boundary densities, the analytical solution can be derived. Not only the displacement field of the whole 

domain but also the dynamic stress concentration factor along the circular hole is presented. The effect of the 

non-homogeneous parameter of materials is also considered. All analytical results are compared well with those of 

numerical results by using the conventional boundary element method with the constant element scheme.  
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ABSTRACT 

Dual interpolation boudary face method (DiBFM) for evaluating stress intensity factors and modelling 2D crack growth 

is presented in this paper. Dual interpolation method (DIM) unifies continuous element and discontinuous element, and 

it inherits advantages of element interpolation method and moving least-squares approximation. The physical variables 

are interpolated by the DIM in the proposed method. Thus a high accuracy of interpolation for displacement and 

traction can be obtained. Furthermore, by directly using the boundary representation data structure, there is no 

geometric error in the implementation of boudary face method (BFM). The sress intensity factors are computed by the 

the relative displacements between the two crack surfaces. By the DIM coupled with BFM, more accurate displacement 

filed around the crack tip can be obtained. That means more accurate sress intensity factors can be evaluated by the 

DiBFM. Accurate evaluation of the sress intensity factors plays a key role to successfully simulate the crack growth. 

The numerical examples have demonstrated the accuracy and efficiency of our method. 
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Abstract 

The flow‐induced noise of high‐speed trains increases rapidly in crosswind conditions. 

Studies have typically focused on the characteristics of aerodynamic loads and corresponding 

safety issues, with less attention to flow‐induced noise characteristics. In the present paper, 

the near‐field flow behavior around the DSA380 high‐speed pantograph was analyzed using 

large eddy simulation (LES). The far‐field flow‐induced noise from the pantograph was 

predicted using Ffowcs Williams‐Hawkings (FW‐H) acoustic analogy. The surface oscillating 

pressure data were also used in a boundary element method (BEM) acoustic analysis to 

predict the flow‐induced noise sources of the pantograph and the far‐field sound radiation. 

The results showed that asymmetric characteristics of the flow field could be observed using 

the instantaneous vortex structures based on Q‐criterion in crosswind conditions. Vortex 

shedding, flow separation and recombination around the pantograph were the key factors 

for flow‐induced noise generation. The directivity of the noise radiation exhibited a typical 

dipole pattern in which the noise directivity was obvious at the horizontal plane of 0°, the 

longitudinal plane of 110°, and the vertical plane of 110°, in which it was inclined towards 

the leeward side of the pantograph. The flow‐induced noise radiated outwards in the form of 

spherical waves when the noise receiving point was farther than 8 m. The sound pressure 

level (SPL) grew approximately as the 6th power of pantograph speed. The energy was 

mainly concentrated in the region of 400–1000 Hz, and the frequency band was wider with 

crosswind than without crosswind. The dominant frequency exhibited linear relationships 

with the running speed and crosswind velocity. The simulation results in this paper were in 

good agreement with the wind tunnel test results. 

 

Keywords: pantograph, high‐speed train, flow‐induced noise, crosswind, FW‐H acoustic 

analogy, boundary element method 
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ABSTRACT 

Reducing noise level in human surroundings is an important issue in engineering. A combined optimization 

algorithm is developed in this work to devise high performance sound barrier by means of a concurrent optimization of 

structural shape and absorbing material distribution. The boundary element method (BEM) is used for acoustic analysis 

and sensitivity evaluation of objective function. The method of moving asymptotes (MMA) is used for the optimization 

procedure. A topology optimization model is set up based on continuous material interpolation function for the 

absorbing material. The shape optimization method is established by selecting elements as design variables and 

volumes of sound barrier as constraints. The objective function of the shape and topology method is the sound pressure 

at reference surface. We also introduce the Burton-Miller method to avoid the non-uniqueness problem of the solution 

in solving the semi-infinite acoustic problem by the conventional boundary integral equation method. Numerical tests 

are provided to illustrate the validity of the proposed algorithm, which also show that the combined optimization 

algorithm performs better than using shape or topology optimization alone in the design of sound barrier. 

Key words: Combined optimization algorithm, Boundary element method, Method of moving 

asymptotes, Absorbing material
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ABSTRACT 

This work focuses on the Surface contributions to radiated sound power based on FEM-BEM coupling method. 

Identification of radiating regions on arbitrarily shaped surface is important to control the far-field acoustic 

radiation. Sound intensity is a common measure for near-field acoustic energy, and it usually has positive and 

negative values that can partially cancel each other. In contrast to the sound intensity, the surface contributions are 

always positive and no cancelation effects exist. To obtain the accurate results of surface contributions, we 

introduce the non-negative intensity. The non-negative intensity can localize the relevant radiating surface areas 

on a vibrating structure. To illustrate the method, the radiated sound power from a baffled square plate is presented. 

In addition, we apply FEM-BEM coupling method to the surface contributions. Numerical examples are presented 

to demonstrate its application value. 

Key words:  FEM-BEM coupling, Acoustic radiation, Non-negative intensity, Surface 

contribution 
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ABSTRACT 

As everyone would agree, Among all the structural calculation method for solving elastic problems, the finite element 

method(FEM) is well-developed and widely used. Meanwhile, the boundary element method(BEM)[1-3] has drawn the 

attention of people as well. And it presents its own advantages, the boundary-only discretization and the dimensional 

reduction, compared to other numerical methods, which means the BEM has the ability to decrease the time for 

preparation of initial data and computation compared to FEM, the process of remodeling is much more easy as well. 

While, when it comes to the situation that there are domain integrals[4-7] in boundary integration equations, like 

thermoelastic problems, seepage-elastic problems, and gravity problems and soon, the BEM will lose its advantages, 

mesh-free in internal domains. Many methods have been proposed to evaluate the domain integrals in BEM, such as the 

dual reciprocity method (DRM)[8-10] and the radial integration method (RIM) [11,12], In the current research, the line 

integration method(LIM)[13] is introduced in to solve the thermoelastic domain integrals, for LIM, only the boundary 

elements is used to discrete the boundary and no volume element is needed. Thus, the method can be thought as a 

boundary-only discretization method. In LIM, the domain integrals can be computed by sum of one-dimensional 

integrals on straight lines, and the integral lines are created by the boundary elements in BEM and an oct-tree structure 

easily. And the results prove the accuracy and efficiency of LIM. 

 

Key words: Thermoelastic problems; Boundary element method; Domain integrals;         

Line integration method. 
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ABSTRACT 

This paper presents efficient topology optimization schemes for exterior acoustic-structure interaction problems using a 

density-based approach, in which the coupled systems are formulated by the boundary element method (BEM) and the 

finite element method (FEM). Since the topology optimization of coupled problems involves both the structural and 

acoustic domains, there are still some challenging issues to be investigated, especially the efficient design sensitivity 

analysis for the coupled systems, the topological change in the acoustic—solid interface and free-floating elements. In 

this work, we contribute to these issues in several aspects. Firstly, the adjoint variable method (AVM) formulations are 

derived for sensitivity analysis of arbitrary objective function. This allows an efficient sensitivity analysis with respect to 

a large number of design variables. The feedback coupling between the structural and acoustic domains are also taken 

into consideration in the sensitivity analysis. Secondly, in addition to the application of fast multipole method (FMM) in 

the acoustic BEM response analysis, the FMM is now updated to adapt to the arising different multiplications in the AVM 

equations. These accelerations save considerable computing time and memory. Thirdly, the topological changes in the 

acoustic—solid interface are implicitly achieved by varying the modulus between acoustic medium and solid assisted by 

the mixed displacement—pressure FEM. The analyzed domain is truncated into the bounded and unbounded domains by 

a virtual surface. For the bounded domain where coupling interface may appear, it is modeled by the mixed FEM. Then 

the BEM is utilized to model the non-reflecting boundary conditions on the truncated surface. By combining mixed FEM 

and BEM, the feedback coupling of structure domain and infinite acoustic domain is established. This coupled system 

makes it possible for explicit representation of acoustic—solid interface in the optimized domain to be circumvented. It 

also allows using density-based approaches which have been well developed in topology optimization. Further, the 

discontinuous variations of acoustic-—solid interface are transformed into the continuous variations in element assigned 

design variables by using the modelling approach. This improves the convergence of the optimization process. By using 

the coupled formulation, the optimization model for acoustic—structure interaction problems is well set up. Regarding 

the free-floating elements, we constitute a connected component filter to delete these useless elements. This treatment 

avoids unreasonable but possible optimization results. To solve the optimization problem, the method of moving 
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asymptotes is exploited. Finally, the proposed optimization method is verified by several optimization results. 

 

Key words: Topology optimization, Acoustic—structure interaction, Boundary element method, 

Finite element method, Adjoint variable method 
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ABSTRACT 
Dynamic reliability analysis of initial crack propagation problems is of great concern to engineering practice. The 
time-domain explicit expressions of dynamic stress intensity factors (SIFs) of cracked plates with in-plane loadings are 
first formulated using the spline fictitious boundary element method (SFBEM) with the Erdogan’s fundamental 
solutions corresponding to an infinite cracked plate. Then the explicit time-domain method (ETDM) is further used to 
conduct random vibration analysis of cracked plates subjected to nonstationary excitations. The statistical moments of 
dynamic SIFs and the dynamic reliability of initial crack propagation can be obtained at high efficiency using the 
present approach based on the fusion of SFBEM and ETDM. Numerical examples are investigated to show the 
effectiveness of the proposed method by comparison with the traditional Monte Carlo simulation method. 
 
Keywords: Stress intensity factor, random vibration, dynamic reliability, spline fictitious boundary 
element method, Erdogan fundamental solutions 
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ABSTRACT 

The acoustic problems are usually governed by the scalar wave equations. The boundary integral equation (BIE) 

method is a nature choice of the solution of those problems since those problems are usually defined in an out-side 

domain or an infinite domain. In order to avoid the computation of multi-frequencies pressure in the solution of 

frequency method, a dual reciprocity method (DRM) is applied to convert the domain integral, which is related to the 

derivatives of the pressure over time, in the BIE into the boundary integral in the presented method. Firstly, field points 

are collocated at all boundary nodes. With considering the boundary condition, boundary quantities at boundary nodes 

can be represented linearly by quantities at domain nodes, which are applied for radial basis function interpolation and 

are arbitrarily distributed in the DRM. Secondly, field points are further collocated at domain nodes. A system of 

ordinary differential equations (ODEs) of the second order can be obtained. Thirdly, the variation rate of the pressure 

was introduced as a new unknown quantity to reduce the order of the resulted ODEs Finally, a precise integration 

method is adopted to solved the first ordered ODEs. Numerical examples demonstrated the validity and the stability of 

the presented method. 

 

Key words: scalar wave propagation, boundary integral equation, dual reciprocity method, precise 

integration method 
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ABSTRACT 

In this paper, a new proper orthogonal decomposition (POD) analysis method based on RIBEM is proposed for 

numerical analysis of two-dimensional unsteady convection-diffusion problem. After the creation of a 

convection-diffusion solution database, the “snapshot” approach of the POD technique is applied to facilitate 

reduced-order modeling (ROM) of the unsteady convection-diffusion behavior. The snapshot matrix is constructed by 

collecting solutions at different instances in time through a column-wise manner. By means of expressing physical 

variables in terms of reduced modes, and after a pure boundary element algorithm with the requirement of 

boundary-only discretization and some internal points instead of internal cells is developed, a system of reduced order 

differential equations with respect to time is formed by projection of the initial discrete integral equations on some few 

dominant POD modes. Several numerical examples are given to illustrate the accuracy and efficiency of the proposed 

method. It is shown that the establishment of low order model solves the problem of heavy workload encountered in 

BEM where a set of large linear equations will be formed and solved in each time step when using the time difference 

method to solve the large time differential equations. 

 

Key words: Boundary element method, Unsteady convection-diffusion, Proper orthogo-nal 

decomposition, Reduced order model 
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ABSTRACT 

In this paper, the computational algorithm of two-dimensional phononic crystal acoustic problems based on B-splines 

isogeometric boundary element method[1] is studied. With the rapid development of phononic crystal supermaterials, 

more and more complex phononic crystal structures have been developed. The numerical calculation method based on 

isogeometric method not only improve the accuracy of the model, reduce the error of analysis results, but also make the 

pre-processings relatively simple, and the results of modeling can be directly used for calculation. 

As B-splines interpolation[2] is used in general engineering soft modeling. Boundary element method, as a 

semi-analytical method, only requires boundary discretization, so it is more suitable for geometric analysis. In this work, 

B-splines are used as interpolation basis functions for the cell virtual periodic boundary and scatterer’s boundary of 

phononic crystals. The two-dimensional cell virtual periodic boundary is generally composed of straight lines, so the 

control points are all distributed on the boundary. Therefore, when the Bloch periodic boundary condition is introduced, 

the parameters of the control points on the boundary can be used as periodic variables directly. An implicit non-linear 

eigenvalue problem is derived by introuducing Bloch periodic boundary condition and the non-linear eigenvalue 

problem is transformed into a generalized eigenvalue problem by constructing Hankel matrix to solve it. The band 

structure of two-dimensional phononic crystals is calculated. The band analysis of inclusion structure and laminated 

structure is carried out, which proves the efficiency and effectiveness of the algorithm. 

 

Key words: Boundary element method, isogeometric analysis, phononic structures, eigenvalue 

problem
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ABSTRACT 

Based on the von-Mises yield criterion and the plastic total theory, the leading order term and higher-order terms of 

stress and displacement asymptotic fields at the V-notch/crack tip are presented for both plane strain and plane stress. In 

this paper, the plastic stress and displacement fields near the V-notch/crack tip are assumed as asymptotic expansions in 

polar coordinates. By satisfying the stress-strain relation, the displacement-strain relation and the equilibrium equations, 

the governing equations of plastic behavior at the V-notch/crack tip is reduced to a nonlinear eigenvalue problem of 

ordinary differential equations (ODEs) with the stress singularity order and the associated stress and displacement 

eigenfunctions. A novel iteration scheme by using the interpolation matrix method is proposed to solve the nonlinear 

eigenvalue problem of ODEs, and then the eigenvalue and the associated eigenfunctions are obtained simultaneously. 

Consequently multiple terms of plastic stress asymptotic solutions are presented. Numerical examples show that the 

results so obtained are quite satisfactory. 

 
Key words: V-notch/crack, asymptotic solutions, high-order, plastic, Singularity 

 

 
References 
[1] M. L. Williams. Stress singularities resulting from various boundary conditions in angular corners of plates in tension. Journal 

of Applied Mechanics, 19: 526-528, 1952. 

[2] J. W. Hutchinson. Singular behavior at the end of a tensile crack in a hardening material. Journal of the Mechanics and Physics 
of Solids, 16: 13-31, 1968. 

[3] J. R. Rice, G. F. Rosengren. Plane strain deformation near a crack tip in a power-law hardening material. Journal of the 
Mechanics and Physics of Solids, 16: 1-12, 1968. 

[4] S. M. Sharma, N. Aravas. On the development of variable-separable asymptotic elastoplastic solutions for interfacial cracks. 
International Journal of Solids & Structures, 30: 695-723, 1993. 

[5] Z. R. Niu, C. Li, R. Y. Ge, Z. J. Hu, B. Hu. Analysis of plastic stress singularities of cracks and wedges under the plane stress 
conditions. Engineering Fracture Mechanics, 208: 72-89, 2019. 

 

93



ICOME2019, Dalian, China, September 27-30, 2019 
The 6th Asia-Pacific International Conference on Computational Methods in Engineering (ICOME2019) 
The 12th Chinese National Conference on Computational Methods in Engineering 
And 2nd Conference on Boundary Element and Dimension Reduction Methods 

 

Machine Learning based Crack Growth Prediction: Application to 

a Helicopter Component Digital Twin 
Xuan Zhou 1, Leiting Dong 1* 

 

1 School of Aeronautic Science and Engineering, Beihang University, Beijing, 100191 China. 

* Corresponding author, E-mail: ltdong@buaa.edu.cn 

 

 

 

ABSTRACT 

Digital Twin is an integrated multiphysics, multiscale, probabilistic simulation of an as-built vehicle or system that uses 

the best available physical models, sensor updates, fleet history, etc., to mirror the life of its corresponding physical twin 

[1]. In the digital twin application, the load data from onboard sensors is used to predict the crack growth and remaining 

life in real time. However, traditional fracture mechanics simulation methods are time-consuming. In this article, we 

propose a machine learning based approach, combining with high performance fracture mechanics simulation, to 

perform real-time fatigue crack growth prediction for structures with complex geometry. High-fidelity simulations are 

carried out, by using the SGBEM-FEM alternating method [2] to generate the training data. The mapping between 

various loads /crack geometry and stress intensity factor (SIF) of crack fronts is established as a surrogate model by 

machine learning method such as gaussian progress regression (GPR) and support vector regression (SVR). With the 

real-time load and current crack geometry as input, the surrogate model can quickly export the SIF to the fatigue crack 

growth model to analyze the crack growth and update the crack geometry step by step. Here an example of a flawed 

helicopter lift frame [3] is presented to demonstrate the analysis procedure and capabilities of the method. The crack 

configuration is a small corner defect at the edge of a large central hole in a flanged plate made of 7010 aluminum alloy, 

and the component is subjected to the ASTERIX spectrum load. To reduce the variables representing the complex crack 

shapes, the principle component analysis (PCA) were used to parameterize the crack fronts. The generalized 

Frost–Dugdale law [4] were used to predict the fatigue crack growth. The crack growth history and remaining life 

obtained by our approach coincide well with simulation and experiment results presented in other papers [5-7]. Results 

show that the proposed approach can accurately predict the evolution of the crack growth over entire load histories and 

substantially reduce the computing time, which can be used for real-time health monitoring in digital twin applications. 

 

Key words: Fatigue crack growth, Surrogate model, Machine learning, SGBEM-FEAM, Digital 

twin. 
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ABSTRACT 
In this paper, a new method, named the Fragile Points Method (FPM), is developed for computer modeling in engineering 

sciences. In the FPM, simple, local, polynomial, discontinuous and Point-based trial and test functions are proposed based 

on randomly scattered points in the problem domain. By implementing them into the Galerkin weak form, we define the 

concept of Point Stiffnesses as the contribution of each Point in the problem domain to the global stiffness matrix. 

However, due to the discontinuity of trial and test functions in the domain, directly using the Galerkin weak form leads 

to inconsistency. To resolve this, Numerical Flux Corrections, which are frequently used in Discontinuous Galerkin 

methods are further employed in the FPM. The resulting global stiffness matrix is symmetric and sparse, which is 

advantageous for large-scale engineering computations. Several numerical examples of 1D and 2D Poisson equations and 

linear elasticity are given in this paper to demonstrate the high accuracy, robustness and convergence of the FPM. Because 

of the locality and discontinuity of the Point-based trial and test functions, this method has great potential in modeling 

complex large-scale extreme problems involving fragment and damage. 
Key words: Fragile Points Method, Point Stiffnesses, Numerical Flux Corrections, Poisson equation, 
linear elasticity 
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Abstract This study developed a relatively new mesh-free numerical algorithm (Generalized Finite Difference 
Method, GFDM) combined with smooth particle hydrodynamics method (SPH) to deal with nearly incompressible 
flows. The meshless GFDM is a domain-type numerical method, which is free form mesh generation and numerical 
integration compared with traditional numerical methods. It’s based on the principle of moving least square method 
and solves PDEs by obtaining partial derivatives at each node in the computational domain. However, GFDM is an 
Euler method which is not suitable for free surface. Smooth particle hydrodynamics method as a popular 
Lagrangian method, can track the motion of particles. Due to fact that both of these methods do not use elements, 
it’s very easy to combine these two methods by using particles. So there is no need to add extra technology. Several 
numerical examples are given to indicate that the combination is valid.  
Key words generalized finite difference method; smooth particle hydrodynamics method; partial differential 
equations 
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ABSTRACT 

Convection-diffusion-reaction equation exists in many fields of science, technology and engineering. However, the 

calculation of the equation is usually difficult and time-consuming. In this paper, a highly efficient method called the 

half boundary method (HBM) is proposed to solve convection-diffusion-reaction equation. The main idea of HBM is to 

reduce the order of the equation by introducing new variables and construct the relations of the variables between the 

nodes inside the area and the nodes on half of the boundaries by using integration, an inverse matrix and reasonable 

transformation. Using the relations, the gradient in space can be calculated simultaneously after obtaining the variables 

on half of the boundaries according to the boundary conditions. Given that unknown variables exist only on half of the 

boundaries, the internal storage in the HBM is less than that required in the finite volume method when the division 

number is large. HBM can obtain very precise results when solving convection dominated problems and discontinuous 

problems. The validity and accuracy of the proposed method are authenticated. 

 

Key words: Convection-Diffusion-Reaction Equation, Half Boundary Method, Convection 

domination 
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ABSTRACT 

Fluid-structure interactions (FSI) are widely involved in many natural phenomena and engineering applications. The 

nonlinearity and time-dependent nature inherent in FSI together with possible large deformations and moving interfaces 

present great challenges to develop numerical models with conventional grid-based methods. The smoothed particle 

hydrodynamics (SPH) method is a truly Lagrangian, meshfree and particle method, and it can conveniently treat large 

deformations and naturally capture the rapidly moving interfaces and free surfaces. Since the invention of SPH, it has 

been widely employed to study different problems in engineering and sciences including FSI problems. In this paper, 

the SPH and its modified versions are used to solve FSI related problems. Firstly, the methodology of SPH along with 

the conventional and highly accurate approximation schemes are introduced [1-3]. The FSI interface treatments in the 

pure SPH framework and the hybrid approaches of SPH with other grid-based or particle-based methods are discussed 

[4]. In applications, we introduce the SPH modeling of FSI problems with rigid, elastic and flexible structures, those 

with granular materials, and with extremely intensive loadings [5], as shown in Figs. 1-3. 

Keywords: Smoothed particle hydrodynamics (SPH), Fluid-structure interaction (FSI), Computational fluid 
dynamics (CFD), Computational solid dynamics (CSD) 

     

    Fig. 1. Liquid sloshing  Fig. 2. Thermal particulate flow    Fig. 3. Explosive welding 
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ABSTRACT 

Strong form collocation meshfree methods suffer low accuracy and instability compared to Galerkin-based meshfree 

methods. Least squares collocation method can improve the accuracy and stability by increasing the computation costs, 

but reduces the efficiency. In this paper, we propose a new stabilized reproducing kernel collocation method which has 

the comparative accuracy and stability compared to least squares collocation method, while the computation cost is 

comparative to direct collocation method. Numerical simulations demonstrate the effectiveness of the proposed method. 

 

 
Key words: strong form collocation, meshfree method, stabilized reproducing kernel collocation 
method 
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ABSTRACT 

An evolution equation can be interpreted as the differential law of the development in time of a 
system, which is extensively employed for description of the developing state or process in physics, 
mechanics or other nature sciences. To find the possible solutions to these differential equations 
under the prescribed initial conditions, a novel space-time generalized finite difference method 
(GFDM) is proposed in this paper. The mixed space-time domain is discretized by considering the 
time scale as an additional space dimension, which can effectively overcome the slow convergence 
of the respective time and space discretization in the conventional methods. The developing 
equations, then, can be numerically solved by using the meshless GFDM in the same numerical 
process of solving the spatial differential equations. The convection-diffusion equations with 
variable coefficient equations and the wave equations are handled by the present new method for 
one and two dimensional problems, respectively. Furthermore, a special equation involving a 
time-space hybrid partial derivative is also analyzed. The validity and convergence of this novel 
space-time GFDM algorithm are verified by comparing with the analytical solutions. The proposed 
new methodology is real meshless and easy to program, especially feasible for some hard-dealt 
vibration problems with time-space hybrid partial derivatives. 
 
Key words: evolution equations, space-time domain, GFDM, convection-diffusion equations, wave 
problems 
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ABSTRACT 

In the conventional MFS, the point sources are always distributed on the artificial boundary where is outside of the 

physical domain to avoid singularity behavior. Here, we propose a new diagonal-terms capturing scheme for the 

Laplace problems with multiply-connected domain. The difference between the present approach and the conventional 

method of fundamental solutions is that the source points can be put on the real boundary in the proposed method. For 

the Laplace problem with multiply-connected domain, the values of diagonal terms in the influence matrices become 

infinity or minus infinity when the source points and collocation points are located at the same position. Nevertheless, 

physically speaking, these values must be finite. For the Laplace problem, the physical behavior, equilibrium of force 

and rigid body motion, must be satisfied. Therefore, we extend the successful experience of solving the 

simply-connected problems to deal with multiply-connected problems. This is an easy way, and the prominent features 

of the MFS are still maintained. Besides, the proposed scheme can be used not only for single-layer approach but also 

for the double-layer approach. Finally, several numerical examples are used to show the feasibility, validity and 

accuracy of the proposed method. 

 

 

Key words: Laplace problem, multiply-connected domain, method of fundamental solutions, 

equilibrium of force, rigid body motion, new diagonal-terms capturing scheme 
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ABSTRACT 

The singular boundary method (SBM) proposed by Chen et al. [1-3] is a strong-form boundary collocation method 

being free of mesh and integration, mathematically simple, and easy-to-program. In recent years, this method has been 

successfully employed to solve many types of partial differential equations in various fields of engineering and science 

[4-13]. The advantages of the SBM can be summarized as follows: (1) it shares the same advantages of the boundary 

element method (BEM) over domain discretization methods, and requires only discretization of the boundary of 

physical domain; (2) it does not require the task of domain and/or boundary meshing, and is not involved with costly 

integrations which may be troublesome in the BEM [4, 5]; (3) it sidesteps the perplexing fictitious boundary issue 

associated with the traditional method of fundamental solutions (MFS) [6, 7] by introducing the concept of the origin 

intensity factors (OIFs), while retaining mathematically simple, easy-to-program and truly meshless.  

Despite all the merits of the SBM mentioned above, it still encounters some limitations or drawbacks which need 

to be further addressed. For example, the SBM requires different calculation formulas of the OIFs for different 

boundary shapes and boundary conditions, and may have lower accuracy for complex multi-connected domain 

problems. The accurate SBM solution is difficult to obtain when the field point is close to the boundary source points, 

due to the so-called boundary layer effect [8]. Moreover, the SBM produces dense and non-symmetric matrices that, 

although smaller in sizes, require O(N2) memory and another O(N3) operations to compute the system of equations 

using direct solvers. 

To overcome the above-mentioned shortcomings, this study presents a localized singular boundary method 
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(LSBM) to solve the three-dimensional heat conduction problems in an arbitrary complex geometry. The LSBM is a 

domain-type meshless collocation method in which an irregular cloud of nodes needs be firstly scattered inside the 

whole computational domain. A series of subdomains corresponding to every nodes can be searched by the Euclidean 

distance between nodes. To each of the subdomains, the singular boundary method (SBM) formulation is applied and 

the unknown coefficients on a local simple circular boundary are approximated by the moving least square (MLS) 

method. After that, a large sparse linear system is formed by the forced satisfaction of governing equation at interior 

nodes and of the given boundary conditions at boundary nodes. The numerical solutions of physical quantities at every 

nodes can be directly obtained by solving the resultant sparse system. Compared with the traditional global SBM with 

dense matrix system, the LSBM involves only the calculation of OIFs on a circular boundary associated with Dirichlet 

boundary conditions, and thus the simple and accurate empirical formulas [9, 10] can be adopted to calculate the OIFs. 

It can also effectively avoid the boundary layer effect problem in the conventional SBM. Furthermore, the method 

requires less memory storage and computational cost due to the sparse and banded matrix system, which may makes it 

suitable for solving large-scale complex problems. Numerical experiments demonstrate the validity and accuracy of the 

proposed LSBM. 

 

 
Key words: Localized singular boundary method, heat conduction, meshless method, origin 
intensity factor. 
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ABSTRACT 
A reproducing kernel gradient smoothing meshfree formulation is presented for the brittle fracture simulation based upon 

the fourth-order phase field model. The quadratic meshfree approximation is employed to discretize both equilibrium and 

fourth- order phase field equations. In order to improve computational efficiency of meshfree formulation, both first- and 

second-order conventional gradients of meshfree shape functions are replaced by the reproducing kernel smoothed 

gradients, in which the first-order smoothed gradients have a reproducing kernel form and meet the quadratic consistency 

conditions of Galerkin weak form, and the second-order smoothed gradients are attained by carrying out a direct 

differentiation on the first-order smoothed gradients. It is shown that both first- and second-order reproducing kernel 

smoothed gradients satisfy the corresponding standard consistency or reproducing conditions. Subsequently, the smoothed 

gradients are used to establish the meshfree discrete equations for equilibrium as well as phase field, where the numerical 

integration and construction of smoothed gradients are particularly elaborated. The tensile-compressive strain 

decomposition is further considered to avoid the undesirable compressive crack evolution, and the alternate minimization 

method is employed to solve the coupled equilibrium-phase field equations. The effectiveness of the proposed gradient 

smoothing meshfree formulation for the fourth-order phase field modeling of brittle fracture is demonstrated by several 

numerical examples. 

 
Key words: Meshfree method, Reproducing kernel gradient smoothing, Fourth-order phase field 

model, Brittle fracture, Numerical integration, Efficiency 
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ABSTRACT 

Continuous cast technology is the core component in the modern steel industry chain. As the heart of the continuous 

caster, the mold involves the complex behaviors of heat transfer, solidification, flow, and mechanics, which is the key to 

quality control of the continuous casting billet. However, the traditional mesh-based numerical methods, such as Finite 

Element Method and Finite Difference Method, could present great difficulties in dealing with multiphase coupling, 

interface tracking/reconstruction and self-adaption problems. In this study, the Element-free Galerkin method is 

introduced and applied to the continuous casting process, and the 2D unsteady heat transfer/solidification model of the 

billet was established. Considering the material nonlinearity and the latent heat, the non-uniform solidification behavior 

of round billet has been calculated and analyzed under the boundary condition of measured non-uniform heat flux. The 

results verify the feasibility and high numerical stability of Element-free Galerkin numerical model in the non-uniform 

solidification behavior analysis for the round billet. Since the advantage of convergence speed and accuracy of the 

meshless method, the present work also provides the model basis for subsequent research on thermo-mechanical 

coupling and crack propagation of continuous casting billet. 

 

Key words: Element-free Galerkin, Continuous casting, Unsteady heat transfer, Measured heat flux 
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This talk uses elliptic mixed boundary value problem as a model to
study the error estimations of element-free Galerkin method. Firstly,
priori approximate estimatations of the element-free Galerkin method for
the second-order elliptic mixed boundary value problem are researched.
By using the penalty method to apply the Dirichlet boundary condition,
the existence and uniqueness of the solution to the Galerkin variational
problem for the penalized second-order elliptic mixed boundary value
problem are strictly proved. Based on the error estimations of moving
least-squares approximation in Sobolev space, the 1H and 2L error
estimations of the element-free Galerkin method for second-order elliptic
mixed boundary value problems are studied. The error results show that
the 1H and 2L error estimations of unknown variable are related to the
selection of the basis function, the node spacing and the penalty factor.
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ABSTRACT 
The smooth property of meshfree shape functions enables a very straightforward collocation formulation. This work 

devotes to the accuracy examination of meshfree colocation method for structural vibration problems. Both 2nd order 

problems such as 1D rod and 2D membrane and 4th order problems such as Euler–Bernoulli beam and Kirchhoff plate 

are considered. Starting from a generic equation of motion deduced from the reproducing kernel meshfree collocation 

method, a frequency error measure is rationally attained through properly introducing the consistency conditions of 

meshfree shape functions. This study proves that for the 2nd order structural vibration problems, the frequency 

accuracy orders are p and (p-1) for even and odd degree basis functions; for the 4th order structural vibration problems, 

the frequency accuracy orders are (p-2) and (p-3) for even and odd degree basis functions, respectively, where p 

represents the degree of the basis function used in meshfree approximation. These frequency error estimates are well 

demonstrated by numerical results for both 2nd and 4th order structural vibration problems. 

 
Key words: Meshfree collocation method, Reproducing kernel approximation, Structural vibration, 

Frequency accuracy, Consistency condition  
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ABSTRACT 

The element-free Galerkin (EFG) method is a typical meshless method within the framework of Galerkin weak form 

[1]. In this method, the domain of the considered problem is only discretized by scattered nodes to construct 

approximate solutions with the moving least squares (MLS) approximation. In this report, error analysis and stability of 

the MLS approximation are discussed theoretically [2][3], and then analysis and application of the EFG method to 

Signorini problems are presented[4]. Signorini problems are nonlinear boundary value problems in which Dirichlet 

condition alternates with Neumann condition under nonlinear inequality restrictions on the Signorini boundary. In our 

algorithm, the nonlinear inequality boundary conditions are reduced to a sequence of linear boundary conditions by 

using a projection iterative scheme, then the EFG method is used to deduce discrete system equations, and finally 

convergence of the proposed algorithm is discussed. Numerical examples are provided to verify the convergence and 

high computational accuracy of the method. 
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ABSTRACT 

In this paper, the band structures of nanoscale phononic crystals based on the nonlocal elasticity 

theory are calculated by using a meshfree local radial basis function collocation method (LRBFCM). 

The direct method is applied to enhance the stability of the derivative calculations in the LRBFCM. 

A simple summation in the LRBFCM is proposed to deal with the integration related to the nonlocal 

stresses or tractions. The LRBFCM for the band structure calculations is validated by the results 

obtained with the first principle and the transfer matrix (TM) method for one-dimensional (1D) 

phononic crystals, as well as the comparison of the frequency responses of the two-dimensional (2D) 

periodical structures.  

 Key words: Elastic waves, nanoscale phononic crystals, band structures, radial basis functions, 

nonlocal elasticity theory 
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ABSTRACT 

Molecular dynamics (MD) method is widely used in various scientific fields. However, the temporal scale and the 

spatial scale of MD simulation are quite limited due to huge computational cost. The smoothed molecular dynamics 

(SMD) method [1] can adopt much larger time step than the traditional MD, so it can achieve much better efficiency. The 

key idea of SMD method originated from meshfree particle methods, and one set of background mesh was introduced to 

construct and solve momentum equations. The overall accuracy of SMD method is close to MD accuracy. SMD method 

can also be used to seamlessly link MD method and continuum-based methods for multiscale simulation [2].  

 

In this presentation, recent improvements on SMD method will be reported. High-order shape functions are employed 

to increase the capability of SMD method to describe local atomic structure details. It is found the propagation of high 

frequency waves can be better described by the improved scheme than the original scheme. A dual-mesh scheme is also 

proposed to improve the accuracy of SMD method in simulating alloys. The influence of the parameters on the accuracy 

is discussed in detail. Numerical examples demonstrate nice results.   

 

Key words: Molecular dynamics, multiscale simulation, meshfree particle methods, shape function 
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ABSTRACT 

Rainfall-induced slope failure is a major category of landslides which usually causes huge damage[1]. Quantitative risk 

assessment of soil slope failure is an essential prerequisite for mitigating its risk. Efficient risk assessment on the large 

deformation failure process of the slope with spatially variable soils is a challenging problem for the traditional 

mesh-based method such as the finite element method (FEM) and finite difference method (FDM) because of the 

mesh-distortion. The material point method (MPM) [2, 3] with the advantage of Lagrange and Euler description has 

been wildly used in extreme deformation problems[4]. Based on the MPM, the overall dynamic evolutions of 

rainfall-induced soil slope failure including the initial instability state, the accelerating sliding state, the decelerating 

sliding state, and the stable state, are presented. Furthermore, combining the Monte Carlo simulation with the MPM 

method, the risks of soil slope failure induced by rainfall are quantitatively assessed by four parameters of the landslide, 

i.e. the sliding mass, the sliding distance, the sliding kinematic energy, and the sliding duration. The results show that 

the landslide risk could be more clearly understood and quantitatively assessed with more details based on the proposed 

method, while the deterministic MPM method may give an unconservative estimate of the risk, which demonstrate that 

the proposed method is an effective way to quantitatively assess the landslide risk. 

Keywords: Material Point Method, Quantitative risk assessment, Monte Carlo simulation, 
Landslide risk  
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ABSTRACT 
To develop an algorithm for predicting and evaluating the large deformation with failure evolution, a strain softening 

constitutive model must be incorporated to regularize softening with localization. The length of softening zone is 

typically related with the mesh size when a local constitutive model is applied. In this study, an integrated MPM 

(material point method) and SPH (smoothed particle hydrodynamics) numerical algorithm is proposed to implement a 

nonlocal constitutive model via the spatial gradient of plastic strain in [1], to describe strain softening state. Unlike the 

work reported in [2] that the SPH is coupled with the MPM, the algorithm proposed here is to integrate the MPM with 

the smoothing operator [3] and particle approximation for nonlocal modeling. The strengths of both methods can be 

inherited in the proposed method. The MPM can discretize the continuum region without the need for master/slave 

nodes at the contact surface. As the post-peak response is unstable due to bifurcation, the effect of numerical noise on 

the transient responses involving failure evolution could be reduced by using the smoothing operator in the MPM 

simulation. The particle approximation based on the SPH is adopted on the material points to facilitate the evaluation of 

strain gradient. A one-dimensional bar under tensile loading is considered to verify and demonstrate the performance of 

the proposed algorithm. A parametric investigation is then performed to illustrate the effects of controlling parameters 

on the evolution of localized softening. It is demonstrated that integrating nonlocal constitutive modeling with spatial 

discretization could yield an effective procedure for predicting and evaluating failure evolution. 
Key words: Material point method, Smoothed particle hydrodynamics, Strain softening, Transient 
responses 
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ABSTRACT 

The standard finite element method (FEM) represents the “overly-stiff” nature in solving 

acoustic problems governed by Helmholtz equation. This work uses a newly developed cell-based 

smoothed radial point interpolation method (CSRPIM) to tackle exterior acoustic scattering 

problems. In the present model, the condensed RPIM shape functions created by additional virtual 

nodes and the cell-based gradient smoothing operation are employed to provide close-to-exact 

acoustic stiffness. For exterior acoustic problems, we apply the artificial boundary that the 

well-known Dirichlet-to-Neumann (DtN) boundary condition to truncate the unbounded infinite 

domain. The results of numerical examples demonstrate that the present method can reduce 

pollution error significantly and generate more accurate results than FEM, especially in high 

frequency range. So, this method is suitable for solving acoustic scattering problems and has a great 

potential for analyzing practical underwater acoustic scattering problems. 

Key words: cell-based smoothed radial point interpolation method (CSRPIM), 
Dirichlet-to-Neumann (DtN) condition, underwater acoustic scattering 
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ABSTRACT 
The shock wave generated after detonation is the main cause of building ruin in high explosive air blast. Researches on 

propagation and mitigation of shock wave among buildings could provide prevention measures against high explosive 

blast disasters. The main protective measure is to place barrier walls to mitigate the wave pressure and impulse loaded 

on buildings. Many researches proved that barrier walls could relieve the blast load to some extend by experimental and 

simulation researching[1-3]. However due to the limitation of experiment condition and the algorithm difficulty in 

simulation, equivalent weight of explosion is small. The barriers mostly behave rigidly without damage in experiments 

and are treated as rigid material in simulations. Actually in high explosive air blast events, buildings that are closer to 

the detonation point perform as barriers to further buildings. The mitigation effects may not be the same, for these 

building barriers are destroyed by the extreme shock wave. So the mitigation property of non-rigid barriers under high 

equivalent weight is needed. 

The material point method (MPM) is an extension of the particle in cell (PIC) method to solid mechanics[4-5]. It is a fully 

Lagrangian particle method in which a material domain is discretized with a set of material points (particles) that carry 

all state variables such as mass, displacement, strain, stress as well as material parameters and internal variables needed 

for constitutive models. So the movement of the particles represents the movement of the material domain, and the 

difficulties associated with Eulerian method are completely removed. A regular background grid, which is fixed in space 

is used for solving the momentum equations, so that mesh distortion and element entanglement associated with the 

traditional Lagrangian finite element method are avoided. Hence, MPM is suited to the modeling of large material 

deformations.  

In this paper, the mitigation of shock waves which are generated from high explosive air explosion and mitigated by 

concrete buildings is simulated by MPM. In the simulation, the pressure distribution is firstly compared with empirical 

formulas and the blast wave propagation process is contrasted with shock wave propagating theory, which validate the 

correction of simulations. Then the pressure distribution in space and time history of shock waves mitigated by rigid 

building and concrete building, which are completely destroyed by shock waves is simulated to compare different 
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mitigation properties between the two kinds of materials. Parameters analysis contain the building height and the 

distance between explosion point and buildings. All the simulations come to the conclusion that the damage of buildings 

have little influence on its mitigation property, buildings no matter destroyed or not perform similarly to rigid ones. 

 
Key words: Material point method, Shock wave mitigation, High explosive air blast 
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ABSTRACT 
Saturated porous media has been widely used in geotechnical and hydraulic engineering areas. Numerical simulations 

of the transient response of saturated porous media under impact and seismic loading play a key role for the design and 

safety evaluation of related engineering structures. Traditional numerical methods, such as the finite element method, 

are susceptible to mesh distortion when deal with large deformation and impact problems. In addition, they usually 

present spurious numerical oscillations in the simulation of wave propagation processes and cannot properly 

characterize the discontinuous features. To address these problems, a time-discontinuous material point method 

(TDMPM) for transient responses in saturated porous media has been proposed in our recent work. The displacement 

and velocity fields of the gird nodes are reconstructed in the method, which enable the TDMPM to correctly capture 

discontinuous features and effectively control spurious numerical oscillations. Representative examples have 

demonstrated that the proposed method provides an effective numerical tool for the simulation of transient response of 

saturated porous media under dynamic loading and impact. This work was supported by the National Natural Science 

Foundation of China (Nos. 11772082, 11672062 and 11672063), the LiaoNing Revitalization Talents Program (No. 

XLYC1807193) and 111 Project (No. B08014). 

Key words: Material point method, Time discontinuous formulation, Saturated porous media, 
Transient response 
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ABSTRACT 
Cracks in various complex engineering materials and structures have attracted much attention since they may lead to the 

failure of materials and structures. The development of effective numerical methods for the prediction of failure 

mechanisms due to crack initiation and propagation is of great importance for many engineering problems. To address 

this issue, an implicit coupling finite element and peridynamic (FEPD) method for the dynamic crack propagation and a 

coupling extended multiscale finite element and peridynamic (EMsFEPD) method for the quasi-static crack propagation 

behaviors have been developed in our recent works. It has been demonstrated by several representative numerical 

examples that the proposed coupling methods possess good accuracy and provide effective tools for the numerical 

simulation of crack propagation in solids. These works were supported by the National natural Science Foundation of 

China (Nos. 11772082, 11672062 and 11672063), the LiaoNing Revitalization Talents Program (No. XLYC1807193) 

and 111 Project (No. B08014). 

Key words: Peridynamics, Finite element method, Coupling method, Crack propagation 
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Coupling smoothed finite element method with SPH for 

Thermal-Fluid-Solid interaction Problems 
Ting Long, Can Huang, Pengying Yang, Moubin Liu1 

Abstract: The thermo-fluid-solid interaction problem is significant in science and 
engineering, which leads to challenges for computational mechanics. In this paper, the 
coupling approach of edge based smoothed finite element method (ES-FEM) and 
smoothed hydrodynamic particle method (SPH) is proposed for heat-fluid-solid 
interaction problems, where the ES-FEM is used to model solid domain and the SPH 
is used to model fluid domain. In ES-FEM, the temperature and velocity gradient 
smoothing technique are applied over the edge-based smoothing domain for 
thermo-solid coupling problems. In SPH, some state-of-art algorithms including 
kernel gradient correction, density correction and particle shift technique are 
integrated to ensure computational accuracy for thermo-fluid problems. A ghost 
particle coupling scheme is proposed to handle the thermo-fluid-solid interface, and 
the kinematic condition, dynamics conditions and conservation of energy are satisfied. 
The performance of the present method is discussed and validated by several 
thermo-fluid-solid interaction problems. 

Keyword: smoothed finite element method, smoothed hydrodynamic particle, ghost 
particle coupling scheme, thermal-fluid-solid interaction problem. 
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ABSTRACT 

This talk presents a high-order node-based smoothed radial point interpolation method (NS-RPIM) with piecewise 

linear strain field. The linear strain NS-RPIM is one order higher than that of the standard NS-RPIM that uses constant 

strains in each node-based smoothing domain. This approach still uses piecewise linear displacements within each 

triangular elements, but piecewise linear strains over smoothing domains created using the pick-out theory. Because the 

smoothed strain and compatible strain within a local region are equal in an integral sense, the linear strain functions can 

be determined uniquely by using linearly independent weight functions. It is found that our new linear strain NS-RPIM 

passes all the standard patch test and show significant improvement on accuracy. 

 

Key words: radial point interpolation method, linear strain field, pick-out theory, node-based 
smoothing
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ABSTRACT 

In topology optimization, the computational time is critically concerned as optimization processes are iteratively 

repeated. Since lattice Boltzmann method (LBM) can approximate the solution of Navier-Stokes flow accurately and 

efficiently. Likewise, LBM has large potential to implement parallel that is identical for applying in topology 

optimization as fluid flow solver. In this study, we introduce a standard LBM to handle the flow field of incompressible 

Navier-Stokes problem in 2D. The physical variables such as velocity and pressure are obtained by solving lattice 

Boltzmann equation. The adjoint filed is formulated as the same framework as primal LBM problem. This work 

emphasizes that it is improved from previous work [1] to deal with unsteady flow problems using LBM and extended to 

be able to tackle the corresponding adjoint lattice Boltzmann method (ALBM) with or without solving the terms of 

velocities gradients [2]. Particularly, both flow field and adjoint field are simulated using time evolution equation 

instead of using matrix solver. Thus, it leads to an optimization with more efficiently.  

Besides, in this optimization, the scalar level-set function [3] is used to express the boundaries of the whole domain, in 

which the solid domain, fluid domain are simply distinguished by a positive or negative value and the boundary 

between these two is defined as level-set function is zero. In addition, by using the characteristics of level-set function, 

the fluid and solid domain are strictly defined without existing of impermeable solid. However, this method can cause 

some difficulties in implementation since it is highly discontinuous. To this end, some polished techniques such as 

Tikhonov regularization scheme [4] is added for handling of numerical issues.    

In this optimization research, the uses of two objective functions as pressure drop and dissipated kinetic energy are 

investigated and compared to be the alternative form for each other. To be more specific, when examining an 

optimization with pressure drop as an objective function, the velocities and pressures of inflow and outflow are 

considered, and for those quantities, they are simply obtained from the solutions of primal problem, which solving by 

LBM. On the other hand, when the dissipated kinetic energy objective function is involved, since it holds the terms of 

velocities gradients, the velocities and pressures of inflow and outflow are not straightly adopted from solutions of 

primal problem. Therefore, an additional framework to solve those gradient quantities in LBM is introduced.   

Key words: LBM, Level set method, Topology optimization, dissipated energy, pressure drop. 

 

122

mailto:truongnguyen@nuem.nagoya-u.ac.jp


ICOME2019, Dalian, China, September 27-30, 2019 

The 6th Asia-Pacific International Conference on Computational Methods in Engineering (ICOME2019) 

The 12th Chinese National Conference on Computational Methods in Engineering 

And 2nd
 
Conference on Boundary Element and Dimension Reduction Methods 

References 
[1] Yaji, K., et al., Topology optimization using the lattice Boltzmann method incorporating level set boundary expressions. 

Journal of Computational Physics, 2014. 274: p. 158-181. 

[2] グエン ロング, 飯盛浩司, 高橋徹, and 松本敏郎. An investigation of the effects of velocity inlet on topology optimization 
level-set based. In 計算力学講演会講演論文集 2017.30. 2017. 一般社団法人 日本機械学会. 

[3] Yamada, T., et al., A topology optimization method based on the level set method incorporating a fictitious interface energy. 
Computer Methods in Applied Mechanics and Engineering, 2010. 199(45-48): p. 2876-2891. 

[4] グエン ロング, 飯盛浩司, 高橋徹, and 松本敏郎. Study on Tikhonov regularization scheme on performance of level set 
based topology optimization viscous flow using lattice Boltzmann method. In 東海支部総会講演会講演論文集 2018.67. 
2018. 一般社団法人 日本機械学会. 

 

123



 

Topology optimization for unsteady fluid using lattice kinetic 

scheme and level set method 

Suqiong Xie 1*, Toshiro Matsumoto 1, Toru Takahashi1, and Hiroshi Isakari1 
 

1 Graduate school of engineering, Nagoya University, Nagoya, Aichi, 4648601, Japan 
* Corresponding author, E-mail: xiesuqiong@nuem.nagoya-u.ac.jp 

 
 

 
ABSTRACT 

This research aims to propose a new topology optimization method for unsteady fluid problems using the lattice kinetic 

scheme (LKS) incorperating with level set method (LSM). Recent decades, topology optimization for fluid problems 

has obtained much attention, however, the large computation cost is a big problem to be solved. The lattice kinetic 

scheme, which is a new lattice Boltzmann method (LBM) and proposed by Inamuro in 2002 [1], can save computation 

cost and easy to implement parallel computation. In LBM, the particle velocity distribution function and the equilibrium 

distribution function are computed to obtain density, speed and pressure of fluid, while in LKS only the equilibrium 

distribution function is computed so that it uses less memory than LBM. LSM uses a scalar function to express the 

material distribution in design domain, and new boundary between different materials is generated by updating the 

function. Yamada et al. proposed a LSM [2] that updates the scalar function using a fictitious interface energy. Yaji et al. 

applied this LSM to topology optimization for fluid problems [3]. Following [3], this research employs the LSM and 

proposes a topology optimization method for unsteady flow. We consider the problem of maximizing dissipation kinetic 

energy, which is expected to be applied to the structural design of shock energy absorbing element. We will present the 

algorithm of the topology optimization method and show numerical experiments to verify the validity of this method.   

 
Key words: Lattice kinetic scheme, Level set method, Unsteady fluid, Adjoint method, Dissipation 
kinetic energy 
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The efficient and accurate solution of highly oscillatory integrals is a key problem in the fields of 
electromagnetic, optics, quantum mechanics and acoustics [1,2]. In the proposed work the radial 
basis functions with Levin’s procedure are used to evaluate the integrals. The method is modified in 
case of stationary point in the domain interval. The role of different types of radial basis functions 
(RBF) are discussed in the numerical solution of the problems. The method of the proposed work is 
compared with the cited literature, the numerical results justify the accuracy and efficiency of the 
method. 

Key words: Radial basis function (RBF), Highly oscillatory integrals (HOIs), Splitting procedure, 
Hybrid functions. 
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ABSTRACT 

 

Half-boundary method (HBM) is an efficient meshless method for solving heat conduction problems of one and 

two-dimensional coordinates. By introducing new variables and building relationships of variables between nodes 

inside the area and nodes at half boundaries, HBM reduces the order of equations and extends nodes relations to get 

discrete solution. The half analytical method characteristic of HBM makes it possible for achieving the solutions of 

inverse heat conduction problems by using the discrete solution and the direct numerical solutions as measuring values. 

Inverse heat conduction problems can be solved well without iteration and special pretreatment since HBM is a unified 

method for solving both direct and inverse heat conduction problems. Compared with finite volume method (FVM) and 

finite element method (FEM), HBM shows better solving accuracy, lower memory requirement, and higher robust 

performance. It can also avoid the situation that calculation time of solving inverse problems is several times or even 

hundred times than that of solving direct problems with others iterative method. 
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ABSTRACT 
In order to solve the problem of large limitation of simulation results caused by load factors and corrosion conditions 

respectively in the study of corrosion failure of metallic materials, the idea of combining cellular automata and 

edge-based smoothed point interpolation method (ES-PIM) is adopted. The corrosion process of aluminum under 

environmental action was simulated by cellular automata method and the corrosion topography was obtained which was 

used for the establishment of calculation model. To overcome overly-stiff property existing in the widely used finite 

element method (FEM) with linear triangular elements, the edge-based smoothed point interpolation method (ES-PIM) 

is used for calculation which has been found both spatially and temporally stable, and works well for both static and 

dynamic problems. 
 
Key words:Widespread corrosion damage, Cellular Automaton, Meshfree method 
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ABSTRACT 

Firefly algorithm (FA) is an effective meta-heuristic method, which has been successfully applied to 
optimization problems in various research fields. However, it is difficult to balance the relations 
between exploration and exploitation, and thus FA is easily trapped into the local optima. To this 
end, an adaptive hybrid firefly algorithm (AHFA) is proposed to promote the performance of the 
algorithm in this paper. Firstly, the essence which leads to the low convergence rate and high 
computational cost is revealed by theory analysis and case study. Secondly, a new dynamic update 
method for attraction model is proposed to improve the accuracy and efficiency of FA, and an 
adaptive strategy is further developed for stochastic model to ensure appropriate swarm diversity 
and avoid the premature convergence via controlling the variation of randomization parameter. 
Thirdly, the adaptive firefly algorithm is combined with an improved particle swarm optimization 
method (PSO) to enhance the exploitation ability. The initial parameter setting is also investigated, 
and the proper initial parameter value corresponding to the optimal performance of AHFA is given. 
Finally, several truss structures and complex engineering examples are tested to demonstrate the 
effectiveness of AHFA in comparison with other methods. Experimental results show that the 
proposed algorithm remarkably improves the precision and enhances the convergence speed of the 
FA. 
Keywords: Firefly algorithm, particle swarm optimization, structural optimization 
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ABSTRACT 
This year is the Centenary birthday of professor Qinghua Du and professor Theodore Hsueh-Huang Pian. Professor 

Qinghua Du was born on April 14, and professor Theodore Hsueh-Huang Pian was born on January 18. Both of them 

were the most famous founder in the wide-used theory of computational mechanics. 

Professor Du graduated from Stanford University in 1951. In 1959, he published the paper ‘On the replacement of body 

forces by boundary loads in two dimensional elasticity problems’[1], and the following works in his group found the basic 

frameworks of the boundary element method in China[2-3]. 

Professor Pian graduated from Massachusetts Institute of Technology in 1948. In 1964, he published the first paper of 

the hybrid element method‘Derivation of Element Stiffness Matrices by Assumed Stress Distributions’[4], and the stress 

functions that satisfy the equation of equilibrium were used in the first hybrid element which was named as 5βhybrid 

element. The good ideas in this paper influenced many researchers in China[5-8]. 

Due to the two honorable pioneer’ great works, there are more and more theory researchers and software users of 

computational mechanics in China. 

Key words: Boundary element method, Hybrid element method, Computational mechanics 
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Abstract 
The basic principle for finite element to solve boundary problems is to replace curve with straight line and apply 

division approach, based on which two methods can be used to improve simulation accuracy. One is by increasing mesh 

density, while the other is by adjusting the shape of the elements and adopting displacement function with high order 

completeness to enhance mesh distortion tolerance. However, the eight-node high order complete non-conforming 

quadrilateral element constructed on the basis of the existing methods are of straight-edge elements  and  they cannot 

fit the curved boundary well in solving curved boundary problems. This paper, a special linear transformation new 

method is proposed to eliminate the influence of coordinate direction of element structure and put forward the 

reasonable finite element internal boundary line for element for external boundary do not limit to fit curve boundary, 

and a new method is proposed which based on linear transform is directly constructed high order complete and suitable 

for curve boundary eight node quadrilateral element, denoted as MHCQ8-N. Having been tested through numerical 

examples, the new membrane element constructed in this paper, with rigorous derivation procedure, clear formula and 

higher accuracy, has been proved to satisfy the quality of second order completeness and convergence and good 

anti-distortion , and can solve curved boundary and  high order complete problems of element as well.  

• Keywords: Linear coordinate transformation method, High order completeness, curved edge
element, distortion suppression
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ABSTRACT 

Thin membranes with high flexibility have extensive applications in aerospace engineering, such as solar arrays, solar 

sails and inflatable antenna, due to their lightweight, packable and deployable characteristics. The wrinkling deformation 

is often seen in thin membranes. The paper proposes a complementarity computational framework for the wrinkling 

analysis of pneumatic membranes under follower loads. Geometric and material nonlinearities are separated by using the 

co-rotational finite element method (FEM). A reasonable wrinkling model is proposed based on the constitutive law of 

bi-modulus materials and formulated in the principal stress space. To improve the convergence, a linear complementarity 

framework is constructed in the local frame and embedded into the global Newton iteration. The proposed method needs 

no extra techniques to ensure convergence, compared with other solution strategies, such as a pseudo-dynamic method 

and a ‘two-step’ procedure. Several benchmark tests including a solar sail, an under-constraint airbag and an inflated 

cylindrical beam are employed to verify the proposed model and method. It shows that the numerical results have good 

agreement with the existing numerical and experimental data. Importantly, the proposed computational method even 

makes a more accurate prediction on the displacement response and wrinkling regions in some situation than post-

buckling analysis of thin shells. 

 
Key words: wrinkling model, pneumatic membranes, the co-rotational approach, complementarity 
 
 

References 
[1] C.A. Felippa, B. Haugen, A unified formulation of small-strain corotational finite elements: I. Theory, Computer Methods in 

Applied Mechanics and Engineering. 194 (2005) 2285-2335. 

134

mailto:zhangl@cqu.edu.cn


[2] Crisfield MA. Nonlinear Finite Element Analysis of Solids and Structures, Vol. 1, Essentials. Wiley: Chichester, 1997. 
[3] Battini JM, Pacoste C. Co-rotational beam elements with warping effects in instability problems. Computer Methods in Applied 

Mechanics and Engineering 2002; 191:1755-1789. 
[4] Jarasjarungkiat A, Wuchner R, Bletzinger KU. A wrinkling model based on material modification for isotropic and orthotropic 

membranes. Computer Methods in Applied Mechanics and Engineering 2008; 197:773-288. 
[5] Jarasjarungkiat A, Wuchner R, Bletzinger KU. Efficient sub-grid scale modeling of membrane wrinkling by a projection method. 

Comput. Methods Appl. Mech. Engrg. 198 (2009) 1097-1116. 
[6] Belytschko T, Hsieh BJ. Nonlinear transient finite element analysis with convected coordinates. International Journal for 

Numerical Methods in Engineering 1973; 7:255-271. 
[7] Gal E, Zelkha M, Levy R. A simple co-rotational geometrically non-linear membrane finite element wrinkling analysis. 

International Journal of Structural Stability and Dynamics 2011; 11:181-195. 
[8] Ding HL, Yang BE. The modeling and numerical analysis of wrinkled membranes. International Journal for Numerical Methods 

in Engineering 2003; 58:1785-1801. 
[9] Miller RK, Hedgepeth JM. An algorithm for finite element analysis for partly wrinkled membranes. AIAA Journal 1982; 

20:1761-1763. 
[10] Contri P, Schrefler BA. A geometrically nonlinear finite element analysis of wrinkling membrane surfaces by a no-compression 

material model. Communication in Applied Numerical Methods 1988; 4:5-15. 
[11] Miyamura T. Wrinkling on stretched circular membrane under in-plane torsion: bifurcation analyses and experiments. 

Engineering Structures 2000; 23:1407-1425. 
[12] Wong YW, Pellegrino S. Wrinkled membranes, Part III: numerical simulations. Journal of Mechanics of Materials and Structures 

2006; 1:63-95. 
[13] Wong YW, Pellegrino S. Wrinkled membranes, Part I: experiments. Journal of Mechanics of Materials and Structures. 2006; 

1:1-23. 
[14] Wang CG, Tan HF, Experimental and numerical studies on wrinkling control of an inflated beam using SMA wires. Smart 

materials and Structures 2010; 105019. 
[15] Ziegler R, Wagner W, Bletzinger KU. A finite element model for the analysis of wrinkled membrane structures, Intert. J. Space 

Struct. 18 (1) (2003) 1-14. 
[16] Du ZL, Guo X. Variational principles and the related bounding theorems for bi-modulus materials. Journal of the Mechanics and 

Physics of Solids. 73(2014)183-211. 
[17] Ji QX, Wang CG, Tan HF. Multi-scale wrinkling analysis of the inflated beam under bending. International Journal of Mechanical 

Sciences. 126 (2017) 1-11. 
[18] Taylor M, Bertoldi K, Steigmann DJ. Spatial resolution of wrinkle patterns in thin elastic sheets at finite strain. Journal of the 

Mechanics and Physics of Solids. 62(2014)163-180. 
[19] Taylor M, Davidovitch B, Qiu Z, Bertoldi K. A comparative analysis of numerical approaches to the mechanics of elastic sheets. 

Journal of the Mechanics and Physics of Solids. 79(2015): 92-107. 
[20] Cerda E, Mahadevan L. Geometry and Physics of Wrinkling. Physical Review Letters. 2003, 90(7): 074302. 
[21] Horning J, Schoop H, Herbrich U. Wrinkling analysis of thermos-elastic membranes. Technische Mechanik, 2006, 26(1):33-43. 
[22] Zhang HW, Zhang L, Gao Q. An efficient computational method for mechanical analysis of bimodular structures based on 

parametric variational principle, Computers & Structures, 2011, 89: 2352-2360. 
[23] Zhang L, Gao Q, Zhang HW, An efficient algorithm for mechanical analysis of bimodular truss and tensegrity structures, 

International Journal of Mechanical Sciences, 2013, 70: 57-68.

 

135



 

A Plane Annular Finite Element for Solving Two-Dimensional 

Elasticity Problems 
Hui Pan, and Yijun Liu* 

 
Department of Mechanics and Aerospace Engineering,  

Southern University of Science and Technology, Shenzhen, Guangdong, 518055, China 
 

* Corresponding author, E-mail: liuyj3@sustech.edu.cn 
 
 

 
ABSTRACT 

In this talk, we present a new isogeometric 8-node annular plane element for solving two-dimensional (2-D) elasticity 

problems. In the formulation for this element, the geometry is represented exactly for an annular domain in a polar 

coordinate system, while the displacement field is represented by the second-order 8-node quadrilateral (Q8) elements. 

This approach is similar in concept as in the isogeometric analysis finite element method. We call this element the annular 

element. By determining the mapping relationship between the annular element in the polar coordinate system and the 8-

node element in the natural coordinate system, the expression of the Jacobian matrix in the polar coordinates was further 

derived. We found that the Jacobian matrix of the annular element has a simpler expression in the polar coordinate system, 

which makes the entire stiffness matrix easier to compute. The reliability of annular element was verified using several 

2-D annular arc models in elasticity, all of which have exact or analytical solutions. In general, not only the annular 

element can accurately represent the geometry of the problem domain, especially for circular models such as full round 

disk, circular ring disk or sector disk, but also the element mesh is simpler without losing any geometric precision, 

resulting in higher calculation accuracy. This annular element can be used as a theoretical basis for a subsequent analysis 

of more complicated 2-D elasticity problems using circular disk elements, also to be described in this talk. 

 

Key words: Elasticity problems, Annular element, Isogeometric FEM 
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An eight-node Reissner-Mindlin plane 
element using a unsymmetric finite 
method 
Abstract: In the analysis of plane and three-dimensional 

problems, unsymmetric finite elements can perform well when 

the mesh is distorted. In this article，it attempts to generalize it 

to the Reissner-Mindlin plate. Besides using a standard 

isoparametric basis function, a set of quadratic complete 

interpolation functions in Cartesian is used to form a 

unsymmetric element stiffness matrix. The unsymmetric finite 

element not only can satisfy exactly the intra-element 

displacement continuity requirements, but also can satisfy the 

and higher order completeness requirements. To avoid the 

shear locking in the thin plates, the selected integral is used in 

this paper, and the reduction intergral is used for the shear 

stiffness matrix. The numerical results show that the 

performance of the unsymmetric plate element is still good 

when the mesh is very distorted. Selected integral can reduce 

the shear locking of the thin plate in a certain extent. 

Keywords: Reissner-Mindlin plate element；mesh distortion； 

unsymmetric finite method 
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ABSTRACT 

The isogeometric analysis is an alternative numerical method with high efficiency and accuracy. So far, the isogeometric 

analysis has been extended to solve various problems, such as structural vibration problems, optimization problems, 

Timoshenko beam problems and so forth. In this work, a high-order NURBS elements based isogeometric analysis method 

is presented to predict the deformation behaviors of soft materials with a growing mass. To solve the boundary value 

problem involving material nonlinearity, large deformation, growth effect and volumetric locking caused by the 

incompressibility of soft materials, the deformation gradient is decomposed multiplicatively into a growth tensor and an 

elastic deformation gradient to introduce the growth effect, and the elastic deformation gradient is further decomposed 

into its volume-preserving and volumetric-dilatational parts. Moreover, a linear projection operator is introduced to 

modify the volumetric-dilatational part for circumventing the volumetric locking. Then, the linearized algebraic equation 

set, including the stiffness matrix and the force vectors, is derived after introducing the discrete technique in isogeometric 

analysis. Finally, some examples discretized by the high-order NURBS elements are presented to test the efficiency and 

accuracy of the proposed method. This work was supported by the National natural Science Foundation of China (Nos. 

11772082, 11672062 and 11672063), the LiaoNing Revitalization Talents Program (No. XLYC1807193) and 111 Project 

(No. B08014). 
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ABSTRACT 

This paper presents a two-phase hybrid element method which based on the principle of minimum complementary 

energy to simulate the stress field of composite materials. A typical two-phase hybrid element contains two kinds of 

material, each phase dose integral calculation separately but considering the interaction between different phases. With 

this method, we can capture the stress concentration at the interface by fewer elements comparing with the traditional 

displacement finite element method, as well as reduce the difficulty of mesh generation. In this paper, both the 

construction of two-phase material element and the functional involving derivation and solution are introduced, and 

numerical examples demonstrate the effectiveness of this method in studying the stress field of composite materials. 

 

 
Key words: Two-phase hybrid element, Composite material, Stress field, Stress concentration 
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ABSTRACT 

In this paper, PHT-splines based isogeometric analysis (IGA) is introduced to model functionally graded plates (FGPs) 

with curvilinear stiffeners and cutouts. The method has advantages of capturing exact geometry, making the refinement 

more flexible, realizing local refinement, improving computational accuracy and reducing the amount of computation. 

Several examples are given to analyze the vibration and buckling characteristics of FGPs with curvilinear stiffeners and 

cutouts. The results are compared with those available in the literature and show the superiority of the method. The 

influences of boundary conditions, cutout radius, plate thickness, plate volume fraction exponent, and stiffener cross-

sectional size on the natural frequencies and buckling loads are also studied.  

 
Key words: PHT-spines, IGA, FGPs with curvilinear stiffeners and cutouts 
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ABSTRACT 

Mechanical attributes of interest are always mutually exclusive in the design process of spatial deployable structure. 

Here we present a complete optimization framework consisting of computational mechanics, optimization design, 

engineering application, and experimental research to compromise mechanical attributes such that an optimal solution set 

can be obtained to provide design strategies for engineering practices. Deployable structure in folding and unfolding 

processes with large nonlinearity is firstly simulated using quasi-static analysis technique. During the quasi-static process, 

the ratio of kinetic energy to strain energy is observed to determine mass scaling parameters that measure the precision 

of analysis. Based on the parameters analyzed, moment-rotation responses of structure in quasi-static folding and 

unfolding processes are investigated and experimentally verified. Then a optimal model is established using the derived 

yield-theory control equation and critical moment as optimization constraints, with the fundamental frequency and strain 

energy as objectives. The non-dominated sorting genetic algorithm is used to solve the optimization model and then 

feasible solution distribution and Pareto frontier are obtained. These results are compared and discussed with two 

additional single objective optimizations. Ultimately we achieve the optimal design for spatial deployable structure, which 

is verified well with numerical simulation. 

 

Key words: deployable structures, quasi-static simulation, Optimal design 
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ABSTRACT 

  During solidification of alloys and metals, solid usually grows as dendrite. This process often happens accompanied 

by motion of dendrites and flow of melt, which play a significant role in the morphology of dendrites. Direct 

observation of this complicated process is not convenient for metallic materials at high temperature, and numerical 

simulation provides another way to study solidification process. Nowadays, growth of dendrites can be well simulated 

by phase field model [1-5]. How to describe the FSI (fluid-structure interaction) between melt and solid is still an 

interesting and challenging topic [6-11]. In this study, FSI is described by two-phase flow model, where solid is 

artificially given a tremendous viscosity to be rigid enough [10, 11]. We construct a N-S (Navier-stokes) solver robust to 

huge viscosity ratio between solid and liquid as large as 1010. With the computed flow field, locations of dendrites are 

updated by solving advection equations. Calculation is accelerated by parallel computation, adaptive mesh refinement 

and two-level time stepping scheme. Numerical experiments demonstrate that the established model turns out 

convenient to deal with motion and collision of dendrites during solidification. Our code is based on an open source 

finite element library DEAL.II [12]. 

Key words: fluid-structure interaction, finite element, solidification, phase field, two-phase flow 

model 
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Abstract: The heat transfer properties of heat exchanger of hydrogen production are important 
factors for optimization of it, therefore the B-spline element model is established through 
introducing B-spline wavelet transform into traditional finite element method, which is used for 
heat transfer analysis of Heat exchanger. Firstly, the existing research results about heat and mass 
analysis for heat exchanger and wavelet finite element method are summarized, and the feasibility 
analysis on heat transfer analysis of Heat exchanger based on B-spline element method is 
discussed. Secondly, the mathematical model and characteristics of B-spline wavelet transform are 
studied. Thirdly, the heat transfer B-spline element model is constructed, the B-spline element 
model and boundary conditions are confirmed. Finally, the heat transfer characteristics of Heat 
exchanger is analyzed based on traditional finite element method, Curvelet finite element method, 
B-spline element method and test respectively, and results show that the B-spline element method
has highest computing precision and efficiency, and the influence rules of main parameters and
geometric sizes on heat transfer characteristics of Heat exchanger are obtained.
Key words: heat transfer; temperature difference; pressure drop; B-spline element method; Heat
exchanger
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ABSTRACT 
Turbine blade is important component of aero-engine, which is subject to high temperature, high pressure aerodynamic 

loads, high speed rotation loads and cyclic thermo loads during service. The blades are working in extreme conditions, 

which make turbine blade is the most vulnerable part in the aero-engine. So the single crystal superalloy turbine blades 

are widely used in aerospace engineering, due to its good mechanical behavior in high temperature [1]. 

In order to verify the mechanical properties of the blade, which is subjected to thermo-fluid-solid interactions, the CFD 

is used to predict thermo load and aerodynamic load of the blade. The 3D example of NASA-Mark II blade is studied [2]. 

The ANSYS software was used to perform thermo-fluid-solid interaction calculation and strength analysis on the blade 

model. The gas flow characteristics and structural strength of turbine blades are studied in this work. The thermo load and 

aerodynamic load obtained by the thermo-fluid-solid interaction processes in calculation are applied to the blade for 

mechanical calculation. Then the crack propagation in the blade is studied by the extended finite element method. The 

simulation results also show that the crack initiation locations are different under different types of aerodynamic loads. 

The crack propagation is well predicted in the model, which compared well with others experiment results. The 

mechanism of crack propagation [3] in different locations is well discussed. This paper has great contributions to the 

aerodynamic and structural design for turbine blades. 

 

  
Key words: turbine blades, dynamic crack propagation, thermo-fluid-solid interaction, XFEM 
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ABSTRACT 

In this paper, the problem of the crack dynamic propagation at the bimaterial interface is investigated. Based on the 

extended finite element method (XFEM), the bimaterial interface crack is simulated by using the Heaviside function, 

the crack-tip enrichment, the weak discontinuity enrichment and the bimaterial enrichment. A program to predict the 

dynamic propagation of the crack at a 2D plate is proposed. In the dynamic analysis, the consistent mass matrix is 

superseded by the lumped mass matrix for the efficiency and Newmark method is used for a better convergence. The 

result of the displacement and the energy is compared with the corresponding result of finite element method software 

for the verification, and they are in good agreement. A plate with center crack at the bimaterial interface is studied, 

which shows the crack propagates along the interface under a low load while off the interface beyond a certain load for 

a bimaterial plate with a fixed Young’s modulus ratio. Besides, as the load increases, the angle and length of the crack 

propagation increase. The load under which the crack propagates off the interface augments with the increase of the 

Young’s modulus ratio. Under the same load, the same external work transforms into more kinetic energy, forming the 

inertia of the structure, thereby dissipating the crack driving energy. 
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ABSTRACT 
In this paper, based on the Voronoi cell finite element method proposed by Ghosh, a new 

extended Voronoi cell finite element method (X-VCFEM) which can reflect the interfacial debonding 
and matrix cracking propagation of particle reinforced composites is constructed. And a series of 
criteria based on fracture mechanics theory is proposed for assessing the direction of damage 
development, which includes the crack propagation in matrix and its deflection behavior at an 
interface. Combined with grid redivision technique, the process of interfacial debonding and matrix 
crack propagation of particle reinforced composites with only one inclusion and two inclusions are 
simulated and analyzed, and the reliability and effectiveness of X-VCFEM are verified by 
comparing with the calculation results of traditional finite element model. At the same time, the 
interfacial debonding and matrix crack generation and propagation process of particle reinforced 
composites with 20 inclusions are simulated and analyzed. It appears that this method is a more 
effiecient way to model the damage development of composite materials with large-scale inclusions and 
cracks. 

 
 
Key words: The extended Voronoi cell finite element method; Interfacial debonding; Matrix 
cracking; Particle reinforced composites 
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ABSTRACT 
Defects, such as inclusion, crack or voids, are of critical issues often observed in composite materials 

subjected to dynamic or state loads. The presence of weakly discontinuous bi-material interfaces may 

hold significant impacts on the overiall performance of structure. Given the importance of bi-material 

interfacial problems, this paper proposes a new method of eXtended Isogeometric Analysis [1-2] (XIGA) 

using B++ splines[3] for bi-material weak discontinuous problems. The presented method addresses the 

issue that traditional XFEM and XIGA methods fail to strong imposing Dirichlet boundary conditions 

on the common interface of different materials. Emphasis is focused on converting trimmed NURBS 

background patches to conforming B++ spline patches. Since B++ spline basis functions satisfy the 

Kronecker delta property and the boundary NURBS curves or collocation points can conformingly 

describe the boundary, we can impose Dirichlet boundary conditions strongly. Meanwhile, the number 

of basis functions is greatly decreased in the process of transformation and, the computational sources 

are reduced significantly. Numerical examples verify the effectiveness of the presented method. 

 

Keywords: Extended isogeometric analysis; B++ splines; Bi-material weak discontinuous problems; 

Dirichlet boundary conditions;Extended finite element methods..  
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ABSTRACT 
The physical and morphological properties of particles and interphases can seriously impact the whole 

physico-mechanical behavior of granular materials [1-4]. In this work, we devise a robust coupling scheme of the 

discrete element method (DEM) and random walking to numerically investigate the effective thermal conductivity of 

three-phase particle-reinforced composites consisting of elliptical particles of high packing density, soft interphase and 

matrix, as shown in Fig. 1. In the numerical model, a novel parametric equation of the interphase is proposed to realize 

a soft (penetrable) layer with a constant finite thickness coated surrounding each hard elliptical particle. Additionally, a 

convenient strategy is implemented to cope with periodic boundary conditions containing numerous particles. On the 

other hand, we also apply a micromechanical theory to calculate the effective thermal conductivity of such three-phase 

composites by incorporating the fraction of soft interfaces. We show that our numerical models lead to predictions of 

the thermal conductivity of granular materials with nonspherical particles of a high volume fraction to a reasonable 

accuracy by comparing with available experimental data. Moreover, utilizing our models, we systematically investigate 

the influence of the characteristics of particles and interphase such as geometric size and aspect ratio on the thermal 

conductivity of granular materials. We find that these physical characteristics play significant roles in determining the 

physical and mechanical properties of composites, suggesting that the properties of such materials can be tailored via 

proper composites engineering and design.  
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Figure 1. (Left) Visualization of a granular material containing elliptical particles of the content of 
80% and the interphase dimension of 40µ m, where the average size of particles is selected to be 

450µ m. (Right) a typical detailed part of random walkers. 
. 

Key words: Non-spherical grains, Interphase, Thermal conductivity, Discrete element method, 
Random walk, Micromechanics  
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ABSTRACT 

The multi-scale analysis has important applications in numerical heat transfer analysis for heterogeneous materials with 

microstructures by avoiding expensive cost in Direct Numerical Simulations (DNS). In this paper, a new extended 

multi-scale scaled boundary finite element method is proposed. According to the framework of the extended FEM by 

presented by Zhang [1], the numerical base function is computed in the micro-scale. The advantages of SBFEM in 

building polygonal element is utilized to significantly decrease the nodes required in solving the numerical base 

functions. Numerical examples are provided to show the potential of the proposed method in multi-scale analysis. 
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ABSTRACT 
The development of advanced lightweight cellular materials with extremely high porosity have attracted much attention 

for achieving desired functions in engineering applications, i.e. high specific strength, thermal insulation and sound 

absorption, over the conventional engineering solid materials. It was revealed that some biological materials such as 

bone, bamboo and luff can meet such crucial requirements. In this study, we focus on the computational multi-scale 

thermal analysis of ultralightweight natural luffa material. Firstly, the natural luffa material with a complex 

interconnecting porous structure is restructured by X-ray scanning system in Shenzhen University and then the 

corresponding hierarchical multi-scale models of luffa are established at different levels from a single luffa fiber to hoop 

wall of luffa, and then to a segment of whole luffa. Subsequently, the finite element simulation is exploited to describe 

the thermal behavior in each hierarchical model and reveal the transfer routine of heat in it. Furthermore, the 

homogenized temperature and heat flux responses can be approximately determined and the equivalent thermal 

conductivity of each model can be predicted for property transfer analysis between adjacent hierarchical levels. The 

present work may provide a guide for the design of new biomimetic cellular materials with desirable capacities for 

further applications. 

 
Key words: Luffa, Hierarchy, Multi-scale, Thermal properties, Finite element 
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ABSTRACT 

In the two-scale analysis of heterogeneous materials with a periodic microstructure by using the traditional 

homogenization theory, periodic boundary conditions (PBCs) are imposed on a selected repeated unit cell and then the 

effective stiffness is calculated with the average-field method, and finally the obtained effective stiffness is used in the 

analysis of the macroscopic deformation. Such an operation is based on the assumption that the average stress or strain 

is uniform at the unit cell scale. However, when stress or strain gradients are not negligible for some problems, such as 

the deformation of the composite beam, plate and shell with shear effect, imposing PBCs to a unit cell is obviously 

unreasonable. In this paper, a periodic heterogeneous beam with shear effect is discussed to show and explain the failure 

of PBCs in predicting the cell’s deformation with shear loads. In order to solve this problem, a new type of boundary 

condition named Physically Consistent Boundary Condition (PCBC) is developed. Numerical examples are given to 

show that the uniform stretching, bending or shearing of any periodic heterogeneous beam can be accurately computed 

by this new homogenization method with a fine enough FEM mesh. While the traditional homogenization method based 

on PBC cannot give exact solutions no matter how fine the mesh is. Thereby, the necessity and effectiveness of the 

proposed PCBC are demonstrated. In further study, PCBC is expected to be extended to multiscale analysis of general 

heterogeneous structures. 

 
Key words: Physically Consistent Boundary Condition, Homogenization of structures, Periodic 
heterogeneous structure, Shear effects, Two-scale analysis 
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ABSTRACT 

Gravity currents are flows driven by the density differences. The density differences behind such flows may arise 

from containing the different compositions in fluids. Knowledge of gravity currents is important in the prediction of 

sedimentation in reservoir, which controls the transport of sediments depending on the man-made hydraulic facilities. 

Recent years, it appears to be facing serious challenges of siltation problems, resulting from short bursts of heavy 

rainfall caused by the global climate change. To maintain the sustainable water resources in reservoir, the development 

of such measures to control sedimentation is a big issue in engineering, accompanied with the purposes to stop, dilute or 

divert the flow motion. The way can be done by a solid or permeable obstacle placed in front of intakes or bottom 

outlets in our thinking. For this point, in this study, the high-resolution simulation is used to investigate the flow 

morphology of gravity currents impinging on a submerged obstacle. In the literature, most attention focused on the 

evolution of gravity currents, which is channelized and confined to flow between parallel lateral walls, i.e. 

lock-exchange system. Little is known about the currents interact with submerged obstacles in the lock-exchange 

system. Recent experimental investigations show the evolution of three distinct stages during the propagation of gravity 

currents, i.e. the impact stage, the transient stage and the quasi-steady stage. But the experimental work does not 

provide localized data from the flow field, so that the forces cannot be correlated to specific flow structures. To 

motivate the incomplete understanding of the interaction problem, in this study, the dynamic processes will be 

investigated by the Navier-Stokes based large-eddy simulations. Both the quantitative observation and qualitative 

analysis are involved, including the velocity field, concentration distributions, energy budgets, force responses 

surrounding the submerged structure etc.. Based on the results of numerical simulations, some design recommendations 

associated with the siltation prevention or sedimentation prediction are provided. 
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